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Abstract  
This thesis presents the analysis of the effects of grooves on the flow responses in laminar 
channel flows. The wall topographies were expressed using the two-dimensional Fourier 
expansions. A spectrally accurate algorithm based on the Immersed Boundary Conditions 
(IBC) was used to determine the solution for the field equations and extract information 
about the velocity and pressure fields. The effects of grooves on the pressure losses were 
assessed by determining the additional pressure gradient required to maintain the same 
flow rate through the grooved channel as through the reference smooth channel. Effects of 
groove wave numbers, groove amplitudes, the relative position of the upper and lower 
groove systems as well as the flow Reynolds number were considered. It has been shown 
that it is possible to identify surface topographies that lead to the reduction of pressure 
losses in spite of an increase of the wetted surface area.  Only topographies that show a 
preference for the longitudinal wave numbers are able to reduce pressure losses. The 
interaction of groove systems present on different channel walls affects the magnitude of 
drag reduction. The most effective relative positions of these systems have been identified. 
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Chapter 1  
1 Introduction 
1.1 Objectives 
The main objective of this thesis is to analyze flows over grooved surfaces and to determine 
if the presence of the grooves can lead to drag reduction. The physical mechanisms 
activated by the grooves and responsible for changes in the flow resistance are to be 
analyzed. The model problem consists of a laminar flow through a channel with two-
dimensional grooves added to its walls. The effect of grooves on the flow resistance is 
measured by determining the difference in the pressure gradients required to maintain the 
same flow rate in the grooved channels as in the smooth channels.  
1.2 Motivations  
Skin friction comprises nearly 50% of the total drag force on aircraft, 90% of the total drag 
force on submarines, and 100% of the total drag force in pipelines (Bechert et al. 1997; Lee 
& Lee 2001). Since drag is responsible for high fuel consumption during transportation, its 
reduction is economically important and attracted attention of many researchers throughout 
the years. Passive drag reduction methods, which do not require the addition of energy, are 
of primary interest. Among the passive techniques, the development of grooved/ribbed 
surfaces generated the most interest (Choi et al. 1993). Use of grooves/riblets is inspired 
by their presence in biological systems (Fig.1.1) as low drag and antifouling surfaces are 
quite common among flora and fauna. The most studied example is the skin of fast 
swimming sharks, which is covered with very small tooth-like scales fitted with 
longitudinal grooves which are thought to be responsible for the reduction of flow 
resistance (Bixler & Bhushan 2013). These grooved scales reduce the formation of vortices 
present in the case of smooth surfaces. 
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Figure 1.1: Biological surface patterns from nature (Abdulbari et al. 2015). 
Most investigations demonstrate that the longitudinal grooves could reduce the turbulent 
flow resistance by up to 10%; however, the performance of grooves in laminar flow is 
controversial. This motivates this thesis and directs its focus on the performance of grooves 
in laminar flows. The goals of the analysis are to determine if the grooves can reduce drag 
and to identify mechanisms responsible for the drag augmentation. Identification of groove 
geometries leading to drag reduction is one of the expected outcomes.  
1.3 Literature review 
1.3.1 Effects of grooves on the frictional drag 
Drag in fluids is the force acting opposite to the relative motion of the object moving with 
respect to the fluid. It has two main forms, i.e. pressure and skin friction drag. The pressure 
drag depends on the streamlining of geometry, whereas the skin friction drag depends on 
the surface morphology (Bixler & Bhushan 2013). The skin friction, or viscous drag, 
causes energy loss in flow system. In recent decades, many researchers investigated this 
drag over a broad range of Reynolds numbers and concluded that the surface topography 
could either enhance or deteriorate the functionality of a flow system. It can be concluded 
that it is accepted that the surface topography plays a significant role in drag formation 
(Bushnell & Hefner 1990; Schlichting 1960; Tani 1988).  
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It has been believed, since Hagen (1854) and Darcy (1857) conducted their pioneering 
experiments, that corrugations always increase flow resistance. Nikuradse (1933) and 
Moody (1944) determined correlations between the roughness characteristics and the 
pressure drop for flows in circular conduits and expressed them in terms of friction factor. 
They demonstrated that roughness had no effect on the laminar flow (or its effect was too 
small to be measured using techniques available at that time). They also showed that 
roughness had a very strong effect on the turbulent flow and its presence always resulted 
in an increase of the flow resistance. The generality of their conclusions was questioned by 
Walsh (1982), who demonstrated that surfaces with certain forms of grooves aligned in the 
flow direction can reduce turbulent drag. Chu and Karniadakis (1993) carried out 
simulations of the laminar, transitional and turbulent flow regimes in channels with 
grooved walls and concluded that the presence of grooves always increased drag in the 
laminar flows while it reduced drag in the transitional and turbulent flows. Additional 
numerical simulations (Vukoslavcevic et al. 1992; Park & Wallace 1994; Choi et al. 1993; 
Chu & Karniadakis 1993; Zhang et al. 2011; Bixler & Bhushan 2013) and experimental 
investigations (Bechert et al. 1997; Frohnapfel et al. 2007; Lee & Lee, 2001) confirmed 
the existence of drag reduction in turbulent channel flows with properly grooved surfaces.  
Researchers tested a variety of groove shapes and distributions using various fluids and 
flow conditions, and described mechanisms responsible for the drag reduction. Choi et al. 
(1993) performed the direct numerical simulation (DNS) of a fully developed turbulent 
flow in a symetric channel and demonstrated that the drag reduction is due to a certain 
riblet spacing which reduces momentum transport by impeding the cross-flow motion. 
Later, Bechert et al. (1997) identified the most effective riblet height and distribution which 
lead to the reduction of the skin-friction drag by nearly 10%.  
The geometry of grooved surfaces has a strong effect on the groove effectiveness. Choi et 
al. (1993), Bechert et al. (1997) and Goldstein et al. (1995) investigated the near-wall 
boundary layer structure and suggested that the dimensionless spacing 𝑠ା and height ℎା of 
riblets are the main factors affecting groove performance. They determined that the largest 
drag reduction is achieved for ℎ 𝑠⁄ ൑ 0.6 . Goldstein & Tuan (1998)  carried out the 
numerical simulations to demonstrate that grooves with heights of less than 10 wall units 
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and spacing of less than 30 wall units lead to drag reduction while grooves with higher 
heights and wider spacing increase the flow resistance.  
Some of the off-design conditions affect groove performance. According to Bushnell 
(1990), the adverse pressure gradient was expected to improve the groove performance. 
Nieuwstadt et al. (1993) carried out experiments in turbulent boundary layers with various 
adverse pressure gradients, and determined that a small adverse pressure gradient did not 
affect groove effectiveness, while Debisschop & Nieuwstadt (1996) carried out experiment 
with triangular grooves and found that the maximum drag reduction could increase from 
7% to 13%. Some investigators reported that grooves cease to be effective when large 
pressure gradients are involved (Squire & Savill 1989; Truong & Pulvin 1989), whereas 
others claimed that grooves retain drag-reducing capacity under such conditions (Choi 
1990; Walsh 1990). 
Transverse grooves, i.e. grooves perpendicular to the flow direction, are also of interest. 
Billy et al. (2006) analyzed three types of flows in a channel with transverse rectangular 
grooves in the turbulent flow regime using two-dimensional Navier-Stokes equations, e.g. 
(i) kinematically-driven flows (Couette flow), (ii) pressure-driven flows (Poiseuille flow), 
and (iii) combined Couette-Poiseuille flows. They demonstrated that the average effects of 
the transverse grooves for Couette-Poiseuille flows can be represented as a superposition 
of the effects for the relevant Couette and Poiseuille flows. Ikeda & Durbin (2007) 
described the flow structure appearing in the zone between the transverse grooves in detail. 
1.3.2 Effects of grooves on laminar flow 
According to the classical point of view, roughness does not affect the laminar flow in 
ducts of conventional size (H. Choi, Moin & Kim 1991; Chu & Karniadakis 1993). 
However, significant deviations from the classical theory are expected to occur in micro-
channels and these types of flows attracted a lot of attention in recent years. Papautsky et 
al. (1999) carried out experimental investigations of flows in micro-machined channels. 
The measurements showed an increase in the Darcy friction factor when compared with a 
traditional macro scale laminar flow for the dynamically similar conditions. This result 
demonstrates that surface roughness does affect the laminar drag. Similar conclusions can 
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be found in Morini (2004); Sharp & Adrian (2004); Sobhan et al. (2001). The measured 
friction factors for micro-channels are inconsistent with the conventional values taken from 
the Moody’s diagram.  
Recently, researchers started to focus attention on the performance of surfaces with micro 
and nano-scale corrugations such as those found in biological systems, e.g. hydrophobic, 
ultra-hydrophobic and super-hydrophobic surfaces. The use of micro-scaled roughness 
with hydrophobicity to form a water-air interface results in a reduction of shear stress over 
part of the surface exposed to a moving liquid and represents a new passive flow control 
method (Barbier et al. 2014). The analysis of shark skins, which represent biologically-
formed surfaces, attracted a lot of attention and many simple physical models have been 
suggested to replicate their function. Experiments carried out by Bruse et al. (1993) in open 
channel flows with oil as the working fluid demonstrated drag reduction of nearly 10% for 
surfaces replicating shark skins. Itoh et al. (2006) tested the turbulent channel flow over 
seal fur and obtained a maximum drag reduction of 12% when working with the glycerol-
water mixture. Jung & Bhushan (2010) demonstrated that shark skin replicas reduce the 
pressure drop by up to 30% in a closed channel flow.  
Kleinstreuer & Koo (2004) measured pressure losses in laminar flow by modeling grooves 
as the porous medium layers, which inspired investigators to search for methods to design 
surface topographies that can reduce the flow resistance. Ou, Perot & Rothstein (2004) 
conducted experiments to determine a laminar drag reduction in micro-channels, with walls 
equipped with well-defined micron-sized hydrophobic surfaces. They explored the impact 
of the surface topology on the drag reduction and demonstrated pressure drop reductions 
of over 40%. These drops were in good qualitative agreement with the theoretical 
predictions. Similar experiments were conducted by Davies et al. (2006), who reported an 
investigation on the laminar, periodically repeating flow in a parallel-plate micro-channel 
with super-hydrophobic walls. The transverse micro-rib and cavity structures resulted in a 
significant reduction of the frictional pressure drop. Gamrat et al. (2008) used three 
different approaches (experimental investigations, rough layer model, three-dimensional 
simulations) to predict the influence of roughness on the laminar flow in micro-channels, 
and demonstrated that the Poiseuille number, 𝑃௢ ൌ 𝑓𝑅𝑒, increases with an increase of the 
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relative roughness height and is independent of the Reynolds number in the laminar flow 
regime. Mohammadi and Floryan (2013b) analyzed the pressure losses in grooved channels 
for laminar flows and found the potential for achieving a laminar drag reduction by using 
properly shaped grooves. Mohammadi and Floryan (2013a) also studied the drag reducing 
longitudinal grooves and used optimization techniques to identify shapes of such grooves 
giving the maximum possible reduction of pressure losses. 
The above investigations determined certain classes of surface topologies which could 
reduce the flow resistance in the laminar regime. Mohammadi & Floryan (2012) 
investigated mechanisms responsible for drag formation using a channel with transverse 
grooves with sinusoidal shape. The first mechanism relied on the wall shear stress, the 
second one relied on the interaction between the mean pressure gradient and the surface 
geometry, and the third one arose from interactions of the periodic part of the pressure field 
with the wall geometry.   
1.3.3 Effects of grooves on the laminar-turbulent transition  
Grooves may be able to either promote or delay the transition from the laminar to the 
turbulent state. The laminar flow produces smaller frictional drag and, therefore, it is 
important in many applications to preserve this flow. This generates an interest in the 
development of the laminar-turbulent transition criteria which can account accurately for 
the effects of surface roughness. Reynolds (1883) was the first to study the effects of 
distributed surface roughness on the laminar-turbulent transition and concluded that a 
hydraulically rough wall could promote transition while a hydraulically smooth wall had 
no effect on transition. However, Saric et al. (1998) demonstrated that roughness could 
stabilize the flow and thus delay the transition process.  
When considering the roughness-sensitive designs, researchers use various criteria to 
determine the critical roughness size. The most common criterion uses the roughness 
Reynolds number 𝑅𝑒௞ ൌ 𝑈௞𝑘/𝜐 where k is the roughness height, 𝑈௞  is the undisturbed 
velocity at height 𝑘 and 𝜐 the kinematic velocity. It is generally believed that roughness 
plays no role when 𝑅𝑒௞ ൏ 25 (Morkovin 1990). However, this criterion cannot account for 
the shape and distribution of the roughness. Another way to make the roughness-sensitive 
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designs is to use the experimental evidence (Schlichting 1979). This evidence is typically 
presented in the form of correlations between the height of roughness, the flow conditions 
and the critical Reynolds number. Even though these correlations do not account for all 
possible roughness-related effects as they are derived from limited experimental data, they 
still provide the basis for accounting of roughness effects in roughness-sensitive designs.     
A new concept was proposed by Floryan (2007) who developed a formal criterion for the 
determination of hydraulic smoothness. This criterion relies on the linear stability theory 
and states that the roughness is hydraulically active only when it can induce flow 
bifurcation. The role of roughness in transitional flows depends on the disturbance level in 
the flow. Both theoretical analysis and experimental observations show that the two-
dimensional distributed roughness destabilizes traveling wave disturbances which play the 
critical role in the transition process (Asai & Floryan 2006; Floryan 2005). Three-
dimensional analyses of Couette (Floryan 2002) and Poiseuille flows in a converging-
diverging channel (Floryan 2003; Floryan & Floryan 2010) demonstrated that surface 
corrugations could generate streamwise vortices. The same roughness was found to 
promote the optimal disturbances in the form of streamwise vortices and to increase their 
transient growth (Szumbarski & Floryan 2006). The distributed roughness system can 
produce a wide range of stability responses (Floryan & Asai 2011) which are yet to be 
studied. Experimental observations verified the theoretical predictions in the case of 
sinusoidal surface corrugations (Asai & Floryan 2006).  
1.3.4 Three-dimensional grooves 
Biological surfaces always have three-dimensional grooves. Shark skins, which are 
frequently studied, have grooves organized into short segments and groups which cannot 
be represented as continuous structures. The available results dealing with three-
dimensional grooves are very limited. Typical experiments conducted by Bechert et al. 
(2000) in an oil channel with three-dimensional grooves consist of sharp-edged fin-shaped 
elements arranged in an interlocking array. Such grooves decrease the drag by about 1.7% 
when compared with two-dimensional grooves. Zhang et al. (2011) reported drag reduction 
up to 13% using a three-dimensional model of a real shark skin using CFD simulations. 
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Jung & Bhushan (2010) achieved a similar decrease in pressure drop in a rectangular flow-
cell flow experiment. Ali (2011) modeled grooves varying sinusoidally in the streamwise 
and spanwise directions and reported drag reduction of 19%. 
Closed channel experiments had been conducted by Liu et al. (1990) who studied the 
effects of a wall on pressure drop. They demonstrated that as riblets are placed on the 
surface of a micro-sized pipe, the riblet tips are brought closer together due to the wall 
curvature, resulting in a smaller range of optimal 𝑠ା  than that found for the same riblets 
placed on a flat surface. Bixler & Bhushan (2013) presented an overview of the effects of 
three-dimensional grooves in both external and internal channel flow experiments, and 
reported a pressure drop reduction of up to 34% for the pipe flow.  
1.3.5 Numerical modeling 
The main difficulty associated with numerical solutions of flow problems in domains 
bounded by rough walls is a reliable modeling of surface roughness. The geometry must 
be modeled with a high accuracy because small errors in its representation can affect 
stability characteristics of the resulting flows. 
The classical approach is to model geometry using numerically generated grids. Such grids 
are then used for either finite-element or finite-volume discretization (Gamrat et al. 2008). 
The main disadvantage of these methods is the high computational costs and low-order 
spatial discretization. Use of finer meshes may improve accuracy but the computational 
cost could be prohibitive. Another technique is the domain perturbation method. In this 
method, the physical and computational domains do not overlap at the edges and, thus, 
boundary conditions transfer procedures must be used (Cabal, Szumbarski & Floryan 
2001). The accuracy of these methods strongly depends on the roughness amplitude and 
the type of boundary transfer procedure. They are suitable only for very small-amplitude 
roughness (Floryan & Dallmann 2006).  
The immersed boundary (IB) method offers an effective alternative for the determination 
of solutions of flow problems in complex geometries. The basic idea behind this method is 
to submerge the irregular flow domain inside the regular computational domain, and to 
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discretize the governing equations in the regular computational domain. Since the cost of 
generating boundary conforming grids is eliminated, the computational efficiency of such 
methods increases significantly. Their limitation is the low spatial accuracy. 
A spectrally-accurate version of the IB method, referred to as the Immersed Boundary 
Conditions (IBC) method, which was developed by Szumbarski & Floryan (1999), 
provides the required high spatial accuracy. This method does not use any fictitious forces 
used in the IB methods but relies on a purely formal construction of boundary constraints 
which are used in place of boundary conditions. It uses Fourier expansions to describe the 
geometry of the physical boundaries and relies on separate Fourier expansions to discretize 
field variables and boundary conditions. The Chebyshev expansions are used in the non-
periodic direction resulting in a gridless algorithm. The IBC method can be applied only to 
grooves whose geometries are Fourier transformable and with a limited height. If these 
conditions are not met, the domain transformation (DT) method (Husain & Floryan 2010) 
provides a reliable alternative.  
In recent years, the IBC method has been extended to unsteady problems involving both 
fixed (Husain & Floryan 2008b) and time-dependent boundary shapes (Husain & Floryan 
2007; 2008a; 2010; Zandi et al. 2015), as well as the three-dimensional problems described 
by the Laplace operator (Del Rey Fernandez et al. 2011), and three-dimensional problems 
involving Navier-Stokes equations (Sakib et al. 2017). The immersed boundary conditions 
method was instrumental in the investigation of the groove-induced drag reduction 
(Mohammadi & Floryan 2013a; 2013b).  
1.4 Overview of the present work 
The effects of grooves on the flow resistance in the laminar channel flow are analyzed and 
the results are described in this thesis. As there is an uncountable number of groove shapes, 
the groove geometry is expressed in terms of Fourier expansions. This limits the 
applicability of the results to shapes well represented by such expansions. The field 
equations are discretized using Fourier expansions in the streamwise and spanwise 
directions and Chebyshev expansions in the transverse direction. The immersed boundary 
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conditions (IBC) concept is applied to deal with the irregular solution domain. This method 
employs a fixed computational domain with the flow domain immersed in the 
computational domain, and with the flow boundary conditions replaced by the boundary 
constraints. 
Detailed analysis of the effects of grooves on the pressure losses has been carried out for 
pressure-driven flow. The question of drag reduction was posed as the question of 
determination of the change in the pressure gradient required to carry the same flow rate 
through the grooved channel as through the smooth channel.  
The effects of the flow and geometric factors on the drag formation have been studied. 
Drag-reducing grooves have been identified. Mechanisms responsible for the drag decrease 
have been identified.  
1.5 Outline of the thesis 
This thesis is organized as follows. Chapter 1 describes the main objectives, motivations 
of the present work and provides a literature review on the related subjects. Chapter 2 
introduces the problem formulation, while Chapter 3 describes the numerical solution 
method. Chapter 4 provides description of grooves which either reduce or increase the drag, 
as well as description of physical processes responsible for the drag changes. Chapter 5 
summarizes the main conclusions and provides suggestions for future work.  
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Chapter 2  
2 Problem Formulation 
In the case of a Poiseuille flow, a certain pressure gradient is required to move fluid at a 
prescribed rate through a smooth channel. Introduction of grooves may result in either an 
increase or decrease of this pressure gradient in order to maintain the same flow rate. Our 
main objective is to determine whether the grooves can reduce this pressure gradient, in 
other words, can the grooves reduce the flow resistance.  
The three-dimensional geometry of flow domain is illustrated in Section 2.1, and the 
relevant governing equations are described in Section 2.2. Properties of flow in the smooth 
channel and in the grooved channel are discussed in Section 2.3 and Section 2.4, 
respectively.  
2.1 Geometry of flow domain 
Consider flow in a channel formed by two horizontal grooved walls (Fig.2.1) with the wall 
geometries being of the following form 
𝑦௅∗ሺ𝑥∗, 𝑧∗ሻ ൌ െℎ∗ ൅ 𝑦௕∗ 𝑐𝑜𝑠ሺ𝛼∗𝑥∗ሻ 𝑐𝑜𝑠ሺ𝛽∗𝑧∗ሻ, (2.1a) 
𝑦௎∗ ሺ𝑥∗, 𝑧∗ሻ ൌ ℎ∗ ൅ 𝑦௧∗ 𝑐𝑜𝑠ሺ𝛼∗𝑥∗ ൅ 𝛺௫∗ ሻ 𝑐𝑜𝑠ሺ𝛽∗𝑧∗ ൅ 𝛺௭∗ሻ (2.1b) 
where the subscripts L and U denote the lower and upper walls respectively, 𝑦௕∗ and 𝑦௧∗ are 
the amplitudes of corrugation at the lower and upper walls respectively, 𝛼∗ and 𝛽∗ stand 
for the corrugation wave numbers in the x- and z-direction, respectively, 𝛺௫∗  and 𝛺௭∗ 
represent the phase shift in x- and z-directions between the upper and lower corrugation 
systems, respectively, and stars denote dimensional quantities. The channel extends to േ∞ 
in the x- and z-directions and is periodic in these directions with wavelengths 𝜆௫ ൌ 2𝜋/𝛼∗ 
and 𝜆௭ ൌ 2𝜋/𝛽∗. We use half of the mean distance between the walls, ℎ∗, as the length 
scale resulting in the dimensionless expressions for the geometry of the form 
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𝑦௅ሺ𝑥, 𝑧ሻ ൌ െ1 ൅ 𝑦௕ 𝑐𝑜𝑠ሺ𝛼𝑥ሻ 𝑐𝑜𝑠ሺ𝛽𝑧ሻ, (2.2a) 
𝑦௎ሺ𝑥, 𝑧ሻ ൌ 1 ൅ 𝑦௧ 𝑐𝑜𝑠ሺ𝛼𝑥 ൅ 𝛺௫ሻ 𝑐𝑜𝑠ሺ𝛽𝑧 ൅ 𝛺௭ሻ. (2.2b)  
 
Figure 2.1: Sketch of flow domain. 
2.2 Governing equations 
The velocity and pressure fields are described by the continuity and Navier-Stokes 
equations in the form  
∇ ∙ 𝑽ሬሬ⃗ ൌ 0,       ൫𝑽ሬሬ⃗ ∙ 𝛻൯𝑽ሬሬ⃗ ൌ െ𝛻𝑝 ൅ ଵோ௘ 𝛻ଶ𝑽 ሬሬሬ⃗  (2.3a, b) 
where  ∇ൌ ሺ డడ௫ ,
డ
డ௬ ,
డ
డ௭ሻ , 𝑽ሬ⃗ ൌ ሺ𝑢, 𝑣, 𝑤ሻ  is the velocity vector scaled with 𝑈௠௔௫∗  as the 
velocity scale and 𝑝 stands for the pressure scaled with 𝜌∗𝑈௠௔௫∗ଶ . The proper choice of 
 𝑈௠௔௫∗  is discussed in Section 2.3. The Reynolds number Re is defined as ℎ∗𝑈௠௔௫∗ 𝜈⁄ ∗ 
where 𝜈∗ denotes the kinematic viscosity and 𝜌∗ stands for the density, respectively.  
The field equations are subject to the no-penetration and no-slip boundary conditions at the 
walls 
𝑽ሬሬ⃗ ሺ𝑦௎ሻ ൌ 𝑽ሬሬ⃗ ሺ𝑦௅ሻ ൌ 0. (2.4) 
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2.3 Flow in the smooth channel 
Flow in a smooth channel, which represents the reference flow, has the velocity 𝑽ሬ⃗𝟎, 
pressure field 𝑝଴ and the flow rate 𝑄௫బ in the form 
𝑽ሬሬ⃗ 𝟎൫𝑿ሬሬ⃗ ൯ ൌ ሺ𝑢଴, 𝑣଴, 𝑤଴ሻ ൌ ሾሺ1 െ 𝑦ଶሻ, 0, 0ሿ,  
𝑝଴൫𝑿ሬሬ⃗ ൯ ൌ െ ଶோ௘ 𝑥 ൅ 𝑐, 
𝑄௫బ ൌ ଵఒ೥ ׬ ׬ 𝑢଴ሺ𝑦ሻ𝑑𝑦𝑑𝑧
௬ୀଵ
௬ୀିଵ
௭ୀఒ೥
௭ୀ଴ ൌ ସଷ  (2.5a, b, c) 
where c is an arbitrary constant and 𝑿ሬሬ⃗ ൌ ሺ𝑥, 𝑦, 𝑧ሻ. The subscript 0 identifies the reference 
flow quantities. The maximum of the x-component of 𝑽ሬ⃗𝟎 , i.e. 𝑈௠௔௫∗ , is chosen as the 
velocity scale. 
The stress vector 𝝈ሬ⃗𝑳𝟎 acting on the fluid at the lower wall has the following form 
𝝈ሬ⃗𝑳𝟎 ൌ 𝒏ሬ⃗𝑳𝟎 ∙  𝝈ന ൌ ቂ𝑛௫଴, 𝑛௬଴ቃ௬ಽ ൤
𝜏௫௫଴ െ 𝑝଴ 𝜏௫௬଴𝜏௬௫଴ 𝜏௬௬଴ െ 𝑝଴൨௬ಽ
ൌ ൣ𝜎௫బ,௅,   𝜎௬బ,௅൧ (2.6) 
where  𝛔ന is the Cauchy stress tensor,  
𝜏௫௫଴ ൌ ଶோ௘
డ௨బ
డ௫ ൌ 0, 𝜏௬௬଴ ൌ
ଶ
ோ௘
డ௩బ
డ௬ ൌ 0,  
𝜏௫௬଴ ൌ 𝜏௬௫଴ ൌ
ଵ
ோ௘ ቀ
డ௨బ
డ௬ ൅
డ௩బ
డ௫ ቁ ൌ
ଵ
ோ௘
డ௨బ
డ௬ ൌ െ
ଶ௬
ோ௘ (2.7a, b, c)  
are the components of the shear stress tensor and  
𝒏ሬ⃗𝑳𝟎 ൌ ൣ𝑛௫బ, 𝑛௬బ൧௬ಽ ൌ ሾ0, 1ሿ (2.8) 
stands for the normal unit vector pointing outwards. 
The total force 𝑭ሬ⃗𝑳𝟎 acting on the fluid at the lower wall per unit area is defined as 
𝑭ሬ⃗𝑳𝟎 ൌ ሾ𝐹௫బ,௅, 𝐹௬బ,௅ሿ (2.9) 
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where   
𝐹௫బ,௅ ൌ 𝜆௫ି ଵ𝜆௭ି ଵ ׬ ׬ 𝜎௫଴ 𝑑𝑥𝑑𝑧ఒೣ଴
ఒ೥
଴ ൌ െ ଶோ௘ ,    𝐹௬బ,௅ ൌ 𝜆௫ି ଵ𝜆௭ି ଵ ׬ ׬ 𝜎௬଴ 𝑑𝑥𝑑𝑧
ఒೣ
଴ ൌ െ ଵோ௘
ఒ೥
଴ .  (2.10a, b) 
The stress vector as well as the total force acting on the fluid at the upper wall can be 
determined in the same way with the normal unit vector 𝒏ሬ⃗𝑼𝟎 ൌ ൣ𝑛௫బ, 𝑛௬బ൧௬ೆ ൌ ሾ0, 1ሿ. 
2.4 Flow in the grooved channel 
Flow in the grooved channel can be considered as a superposition of the reference flow and 
flow modifications created by the grooves, i.e. 
𝑽ሬሬ⃗ ൫𝑿ሬሬ⃗ ൯ ൌ ൣ𝑢൫𝑿ሬሬ⃗ ൯, 𝑣൫𝑿ሬሬ⃗ ൯, 𝑤൫𝑿ሬሬ⃗ ൯൧ ൌ 𝑽ሬሬ⃗ 𝟎ሺ𝑦ሻ ൅ 𝑽𝟏ሬሬሬሬ⃗ ൫𝑿ሬሬ⃗ ൯  
           ൌ ሾ𝑢଴ሺ𝑦ሻ, 0, 0ሿ ൅ ൣ𝑢ଵ൫𝑿ሬሬ⃗ ൯,  𝑣ଵ൫𝑿ሬሬ⃗ ൯, 𝑤ଵ൫𝑿ሬሬ⃗ ൯൧,                     (2.11a) 
𝑝൫𝑿ሬሬ⃗ ൯ ൌ 𝑝଴ሺ𝑥, 𝑧ሻ ൅ 𝑝ଵ൫𝑿ሬሬ⃗ ൯ ൌ െ ଶோ௘ 𝑥 ൅ 𝐴𝑥 ൅ 𝐵𝑧 ൅ 𝑝ᇱ൫𝑿ሬሬ⃗ ൯ ൅ 𝑐 (2.11b) 
where subscript 1 refers to the flow modification, 𝑽ሬ⃗𝟏 ൌ ሾ𝑢1,  𝑣1, 𝑤1ሿ is the modification 
velocity vector, 𝐴 and 𝐵 are the modifications of the mean pressure gradient in the x- and 
z-directions, respectively, and 𝑝ᇱ is the periodic part of the pressure modifications. 
Substitution of (2.11) into (2.3) leads to the following form of the field equations 
∇. 𝑽ሬሬ⃗ 𝟏 ൌ 0, (2.12a) 
𝑢଴ డ௨భడ௫ ൅ 𝑣ଵ
డ௨బ
డ௬ ൅ 𝑽ሬሬ⃗ 𝟏 ∙ ∇𝑢ଵ ൌ െ
డ௣భ
డ௫ ൅
ଵ
ோ௘ ∇ଶሺ𝑢ଵሻ, (2.12b) 
𝑢଴ డ௩భడ௫ ൅ 𝑽ሬሬ⃗ 𝟏 ∙ ∇𝑣ଵ ൌ െ
డ௣భ
డ௬ ൅
ଵ
ோ௘ ∇ଶሺ𝑣ଵሻ, (2.12c) 
𝑢଴ డ௪భడ௫ ൅ 𝑽ሬሬ⃗ 𝟏 ∙ ∇𝑤ଵ ൌ െ
డ௣భ
డ௭ ൅
ଵ
ோ௘ ∇ଶሺ𝑤ଵሻ. (2.12d) 
Boundary conditions can be expressed in the form 
𝑢ଵሾ𝑦௎ሺ𝑥, 𝑧ሻሿ ൌ െ𝑢଴ሾ𝑦௎ሺ𝑥, 𝑧ሻሿ, (2.13a) 
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𝑢ଵሾ𝑦௅ሺ𝑥, 𝑧ሻሿ ൌ െ𝑢଴ሾ𝑦௅ሺ𝑥, 𝑧ሻሿ, (2.13b) 
𝜈ଵሾ𝑦௎ሺ𝑥, 𝑧ሻሿ ൌ 0, (2.13c) 
𝑣ଵሾ𝑦௅ሺ𝑥, 𝑧ሻሿ ൌ 0, (2.13d) 
𝑤ଵሾ𝑦௎ሺ𝑥, 𝑧ሻሿ ൌ 0, (2.13e) 
𝑤ଵሾ𝑦௅ሺ𝑥, 𝑧ሻሿ ൌ 0. (2.13f) 
The problem formulation requires specification of two closing conditions. Since we wish 
to determine if the addition of grooves results either in a decrease or in an increase of the 
pressure gradient required to drive the same flow rate, we shall impose the fixed flow rate 
constraints in both the 𝑥- and 𝑧-directions. The form of the constraint in the x-direction is 
𝑄ሺ𝑥ሻ|௠௘௔௡ ൌ ଵଶగ ఉ⁄ ׬ ׬ 𝑢ሺ𝑥, 𝑦, 𝑧ሻ𝑑𝑦𝑑𝑧
௬ೆሺ௫,௭ሻ
௬ಽሺ௫,௭ሻ
ଶగ ఉ⁄
଴   
ൌ ଵଶగ ఉ⁄ ׬ ׬ ሾ𝑢଴ሺ𝑦ሻ ൅ 𝑢ଵሺ𝑥, 𝑦, 𝑧ሻሿ𝑑𝑦𝑑𝑧
௬ೆሺ௫,௭ሻ
௬ಽሺ௫,௭ሻ
ଶగ ఉ⁄
଴ ൌ Q୶బ ൌ 4/3 (2.14a) 
and the form of the constraint in the z-direction is 
𝑄ሺ𝑧ሻ|௠௘௔௡ ൌ ଵଶగ ఈ⁄ ׬ ׬ 𝑤ଵሺ𝑥, 𝑦, 𝑧ሻ𝑑𝑦𝑑𝑥
௬ೆሺ௫,௭ሻ
௬ಽሺ௫,௭ሻ
ଶగ ఈ⁄
଴ ൌ 0. (2.14b) 
In the grooved channel, the stress vector 𝝈ሬ⃗𝑳 acting on the fluid at the lower wall can be 
defined as 
𝝈ሬ⃗𝑳  ൌ 𝒏ሬ⃗௅ ∙  𝛔ന ൌ ൣ𝜎௫,௅, 𝜎௬,௅, 𝜎௭,௅൧ ൌ ሾ𝜎௫௩,௅ ൅ 𝜎௫௣,௅, 𝜎௬௩,௅ ൅ 𝜎௬௣,௅, 𝜎௭௩,௅ ൅ 𝜎௭௣,௅ሿ  
                      ൌ ൣ𝑛௫,௅, 𝑛௬,௅, 𝑛௭,௅൧ ൥
𝜏௫௫ െ 𝑝 𝜏௫௬ 𝜏௫௭𝜏௬௫ 𝜏௬௬ െ 𝑝 𝜏௬௭𝜏௭௫ 𝜏௭௬ 𝜏௭௭ െ 𝑝
൩
௬ಽ
 (2.15)  
where the components of the shear stress tensor have the following forms 
𝜏௫௫ ൌ ଶோ௘
డ௨భ
డ௫ , 𝜏௬௬ ൌ
ଶ
ோ௘
డ௩భ
డ௬ , 𝜏௭௭ ൌ
ଶ
ோ௘
డ௪భ
డ௭ , 
𝜏௫௬ ൌ 𝜏௬௫ ൌ ଵோ௘ ቀ
డ௨
డ௬ ൅
డ௩
డ௫ቁ ൌ
ଵ
ோ௘ ሺ
డ௨బ
డ௬ ൅
డ௨భ
డ௬ ൅
డ௩భ
డ௫ ሻ, 𝜏௬௭ ൌ 𝜏௭௬ ൌ
ଵ
ோ௘ ቀ
డ௪భ
డ௬ ൅
డ௩భ
డ௭ ቁ,  
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𝜏௫௭ ൌ 𝜏௭௫ ൌ ଵோ௘ ቀ
డ௨భ
డ௭ ൅
డ௪భ
డ௫ ቁ,  (2.16a, b, c) 
and the normal unit vector pointing outwards can expressed as  
𝒏ሬ⃗௅ ൌ ሾ𝑛௫,௅ 𝑛௬,௅ 𝑛௭,௅ሿ ൌ 𝑁௅ ቂడ௬ಽడ௫ ,
డ௬ಽ
డ௬ಽ ,
డ௬ಽ
డ௭ ቃ ൌ
      𝑁௅ሾ𝛼𝑦௕ sinሺ𝛼𝑥ሻ cosሺ𝛽𝑧ሻ , െ1, 𝛽𝑦௕ cosሺ𝛼𝑥ሻ sin ሺ𝛽𝑧ሻሿ (2.17) 
with 
𝑁௅ ൌ ൜ቀడ௬ಽడ௫ ቁ
ଶ ൅ ቀడ௬ಽడ௬ಽቁ
ଶ ൅ ቀడ௬ಽడ௭ ቁ
ଶൠ
ିଵ/ଶ
ൌ ሼ1 ൅ ሾ𝑎𝑦௕sin ሺ𝛼𝑥ሻcos ሺ𝛽𝑧ሻሿଶ ൅
           ሾ𝛽𝑦௕ cosሺ𝛼𝑥ሻ sin ሺ𝛽𝑧ሻሿଶሽିଵ/ଶ. (2.18) 
The x-, y- and z- components of the viscous stress vector are defined as  
𝜎௫௩,௅ ൌ ቄ𝑛௫,௅ ቂ ଶோ௘
డ௨భ
𝜕𝑥 ቃ ൅ 𝑛௬,௅ ቂ
ଵ
ோ௘ ቀ
డ௨బ
డ௬ ൅
డ௨భ
డ௬ ൅
డ௩భ
𝜕𝑥 ቁቃ ൅ 𝑛௭,௅ ቂ
ଵ
ோ௘ ቀ
డ௨భ
డ௭ ൅
డ௪భ
𝜕𝑥 ቁቃቅ௬ಽ , (2.19a) 
𝜎௬௩,௅ ൌ ቄ𝑛௫,௅ ቂ ଵோ௘ ቀ
డ௨బ
డ௬ ൅
డ௨భ
డ௬ ൅
డ௩భ
డ௫ ቁቃ ൅ 𝑛௬,௅ ቂ
ଶ
ோ௘
డ௩భ
డ௬ ቃ ൅ 𝑛௭,௅ ቂ
ଵ
ோ௘ ቀ
డ௪భ
డ௬ ൅
డ௩భ
డ௭ ቁቃቅ௬ಽ , (2.19b) 
𝜎௭௩,௅ ൌ ቄ𝑛௫,௅ ቂ ଵோ௘ ቀ
డ௨భ
డ௭ ൅
డ௪భ
డ௫ ቁቃ ൅ 𝑛௬,௅ ቂ
ଵ
ோ௘ ቀ
డ௪భ
డ௬ ൅
డ௩భ
డ௭ ቁቃ ൅ 𝑛௭,௅ ቂ
ଶ
ோ௘
డ௪భ
డ௭ ቃቅ௬ಽ , (2.19c) 
while the x-, y- and z- components of the pressure force have the forms  
𝜎௫௣,௅ ൌ െ𝑛௫,௅𝑝|௬ಽ, 𝜎௬௣,௅ ൌ െ𝑛௬,௅𝑝|௬ಽ, 𝜎௭௣,௅ ൌ െ𝑛௭,௅𝑝|௬ಽ. (2.20) 
The normal stress vector 𝝈ሬ⃗𝒏,𝑳 can be expressed as 
𝝈ሬ⃗𝒏,𝑳 ൌ ሺ𝝈ሬ⃗𝑳 ∙ 𝒏ሬ⃗௅ሻ𝒏ሬ⃗௅ ൌ ൣ𝜎௫௡,௅, 𝜎௬௡,௅, 𝜎௭௡,௅൧  
ൌ ሾ𝜎௫௡௩,௅ ൅ 𝜎௫௡௣,௅, 𝜎௬௡௩,௅ ൅ 𝜎௬௡௣,௅, 𝜎௭௡௩,௅ ൅ 𝜎௭௡௣,௅ሿ (2.21) 
where the x-, y- and z- components of the normal viscous stress vector have the following 
forms  
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𝜎௫௡௩,௅ ൌ ଶோ௘ 𝑁௅ଷ𝛼𝑦௕ 𝑠𝑖𝑛ሺ𝛼𝑥ሻ 𝑐𝑜𝑠ሺ𝛽𝑧ሻ ሼ
డ௨భ
𝜕𝑥 𝛼ଶ𝑦௕ଶ𝑠𝑖𝑛ଶሺ𝛼𝑥ሻ𝑐𝑜𝑠ଶሺ𝛽𝑧ሻ  
     െ ቀడ௨బడ௬ ൅
డ௨భ
డ௬ ൅
డ௩భ
𝜕𝑥 ቁ 𝛼𝑦௕ 𝑠𝑖𝑛ሺ𝛼𝑥ሻ 𝑐𝑜𝑠ሺ𝛽𝑧ሻ  
     ൅ ቀడ௨భడ௭ ൅
డ௪భ
𝜕𝑥 ቁ 𝛼𝛽𝑦௕ଶ 𝑠𝑖𝑛ሺ𝛼𝑥ሻ 𝑐𝑜𝑠ሺ𝛼𝑥ሻ 𝑠𝑖𝑛ሺ𝛽𝑧ሻ 𝑐𝑜𝑠ሺ𝛽𝑧ሻ  
     ൅ డ௩భడ௬ െ ቀ
డ௩భ
డ௭ ൅
డ௪భ
డ௬ ቁ 𝛽𝑦௕ 𝑐𝑜𝑠ሺ𝛼𝑥ሻ 𝑠𝑖𝑛ሺ𝛽𝑧ሻ ൅
డ௪భ
డ௭ 𝛽ଶ𝑦௕ଶ 𝑐𝑜𝑠ଶሺ𝛼𝑥ሻ 𝑠𝑖𝑛ଶሺ𝛽𝑧ሻሽ௬ಽ ,  (2.22a) 
 
𝜎௬௡௩,௅ ൌ െ ଶோ௘ 𝑁௅ଷሼ
డ௨భ
డ௫ 𝛼ଶ𝑦௕ଶ𝑠𝑖𝑛ଶሺ𝛼𝑥ሻ𝑐𝑜𝑠ଶሺ𝛽𝑧ሻ െ ቀ
డ௨బ
డ௬ ൅
డ௨భ
డ௬ ൅
డ௩భ
డ௫ ቁ 𝛼𝑦௕ 𝑠𝑖𝑛ሺ𝛼𝑥ሻ 𝑐𝑜𝑠ሺ𝛽𝑧ሻ  
     ൅ ቀడ௨భడ௭ ൅
డ௪భ
డ௫ ቁ 𝛼𝛽𝑦௕ଶ 𝑠𝑖𝑛ሺ𝛼𝑥ሻ 𝑐𝑜𝑠ሺ𝛼𝑥ሻ 𝑠𝑖𝑛ሺ𝛽𝑧ሻ 𝑐𝑜𝑠ሺ𝛽𝑧ሻ ൅
డ௩భ
డ௬   
     െ ቀడ௩భడ௭ ൅
డ௪భ
డ௬ ቁ 𝛽𝑦௕ 𝑐𝑜𝑠ሺ𝛼𝑥ሻ 𝑠𝑖𝑛ሺ𝛽𝑧ሻ ൅
డ௪భ
డ௭ 𝛽ଶ𝑦௕ଶ 𝑐𝑜𝑠ଶሺ𝛼𝑥ሻ 𝑠𝑖𝑛ଶሺ𝛽𝑧ሻሽ௬ಽ ,  (2.22b) 
 
𝜎௭௡௩,௅ ൌ ଶோ௘ 𝑁௅ଷ𝛽𝑦௕ 𝑐𝑜𝑠ሺ𝛼𝑥ሻ 𝑠𝑖𝑛ሺ𝛽𝑧ሻ ሼ
డ௨భ
𝜕𝑥 𝛼ଶ𝑦௕ଶ𝑠𝑖𝑛ଶሺ𝛼𝑥ሻ𝑐𝑜𝑠ଶሺ𝛽𝑧ሻ  
     െ ቀడ௨బడ௬ ൅
డ௨భ
డ௬ ൅
డ௩భ
𝜕𝑥 ቁ 𝛼𝑦௕ 𝑠𝑖𝑛ሺ𝛼𝑥ሻ 𝑐𝑜𝑠ሺ𝛽𝑧ሻ ൅
డ௩భ
డ௬   
     ൅ ቀడ௨భడ௭ ൅
డ௪భ
𝜕𝑥 ቁ 𝛼𝛽𝑦௕ଶ 𝑠𝑖𝑛ሺ𝛼𝑥ሻ 𝑐𝑜𝑠ሺ𝛼𝑥ሻ 𝑠𝑖𝑛ሺ𝛽𝑧ሻ 𝑐𝑜𝑠ሺ𝛽𝑧ሻ  
     െ ቀడ௩భడ௭ ൅
డ௪భ
డ௬ ቁ 𝛽𝑦௕ 𝑐𝑜𝑠ሺ𝛼𝑥ሻ 𝑠𝑖𝑛ሺ𝛽𝑧ሻ ൅
డ௪భ
డ௭ 𝛽ଶ𝑦௕ଶ 𝑐𝑜𝑠ଶሺ𝛼𝑥ሻ 𝑠𝑖𝑛ଶሺ𝛽𝑧ሻሽ௬ಽ ,  (2.22c) 
while the x-, y- and z- components of pressure force contributions are 
𝜎௫௡௣,௅ ൌ െ𝑁௅𝛼𝑦௕ 𝑠𝑖𝑛ሺ𝛼𝑥ሻ 𝑐𝑜𝑠ሺ𝛽𝑧ሻ 𝑝|௬ಽ, 𝜎௬௡௣,௅ ൌ 𝑁௅𝑝|௬ಽ,  
𝜎௭௡௣,௅ ൌ െ𝑁௅ଷ𝛽𝑦௕ 𝑐𝑜𝑠ሺ𝛼𝑥ሻ 𝑠𝑖𝑛ሺ𝛽𝑧ሻ 𝑝|௬ಽ.  (2.23a, b, c) 
The tangential stress vector 𝝈ሬ⃗𝒕,𝑳 can be expressed using the Cartesian coordinate system as 
follows 
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𝝈ሬ⃗𝒕,𝑳 ൌ ൣ𝜎௫௧,௅, 𝜎௬௧,௅, 𝜎௭௧,௅൧ ൌ 𝝈ሬ⃗𝑳 െ 𝝈ሬ⃗𝒏,𝑳 ൌ ൣ𝜎௫,௅, 𝜎௬,௅, 𝜎௭,௅൧ െ ൣ𝜎௫௡,௅, 𝜎௬௡,௅, 𝜎௭௡,௅൧  
        ൌ ሾ𝜎௫௩,௅ ൅ 𝜎௫௣,௅, 𝜎௬௩,௅ ൅ 𝜎௬௣,௅, 𝜎௭௩,௅ ൅ 𝜎௭௣,௅ሿ െ  
             ሾ𝜎௫௡௩,௅ ൅ 𝜎௫௡௣,௅, 𝜎௬௡௩,௅ ൅ 𝜎௬௡௣,௅, 𝜎௭௡௩,௅ ൅ 𝜎௭௡௣,௅ሿ. (2.24)  
Its x-, y- and z- components have the following forms  
𝜎௫௧,௅ ൌ ଵோ௘ ሾ2𝑁௅𝛼𝑦௕ 𝑠𝑖𝑛ሺ𝛼𝑥ሻ 𝑐𝑜𝑠ሺ𝛽𝑧ሻሺ1 െ 𝑁௅ଶ𝛼ଶ𝑦௕ଶ 𝑠𝑖𝑛ଶሺ𝛼𝑥ሻ𝑐𝑜𝑠ଶሺ𝛽𝑧ሻሻ
డ௨భ
డ௫   
   ൅𝑁௅𝛽𝑦௕ 𝑐𝑜𝑠ሺ𝛼𝑥ሻ 𝑠𝑖𝑛ሺ𝛽𝑧ሻ ሺ1 െ 2𝑁௅ଶ𝛼ଶ𝑦௕ଶ𝑠𝑖𝑛ଶሺ𝛼𝑥ሻ𝑐𝑜𝑠ଶሺ𝛽𝑧ሻሻሺడ௨భడ௭ ൅
డ௪భ
డ௫ ሻ  
  െ2𝑁௅ଷ𝛼𝑦௕𝑠𝑖𝑛 ሺ𝛼𝑥ሻ𝑐𝑜𝑠 ሺ𝛽𝑧ሻ డ௩భడ௬ െ 2𝑁௅ଷ𝛼𝛽𝑦௕ଶ𝑐𝑜𝑠 ሺ𝛼𝑥ሻ𝑠𝑖𝑛 ሺ𝛼𝑥ሻ𝑐𝑜𝑠 ሺ𝛽𝑧ሻ𝑠𝑖𝑛 ሺ𝛽𝑧ሻሺ
డ௪భ
డ௬ ൅
డ௩భ
డ௭ ሻ   
  െ2𝑁௅ଷ𝛽ଶ𝑦௕ଶ𝑐𝑜𝑠ଶ ሺ𝛼𝑥ሻ𝑠𝑖𝑛ଶሺ𝛽𝑧ሻ డ௪భడ௭   
  ൅𝑁௅ሺ2𝑁௅ଶ𝛼ଶ𝑦௕ଶ𝑠𝑖𝑛ଶሺ𝛼𝑥ሻ𝑐𝑜𝑠ଶሺ𝛽𝑧ሻ െ 1ሻሺడ௩భడ௫ ൅
డ௨భ
డ௬ ሻሿ , (2.25a) 
 
𝜎௬௧,௅ ൌ ଵோ௘ ሾ𝑁௅𝛼𝑦௕ 𝑠𝑖𝑛ሺ𝛼𝑥ሻ 𝑐𝑜𝑠ሺ𝛽𝑧ሻሺ1 െ 2𝑁௅ଶሻ ቀ
డ௨భ
డ௭ ൅
డ௪భ
డ௫ ቁ  
    െ2𝑁௅ሺ1 െ 𝑁௅ଶሻ డ௩భడ௬ ൅ 𝑁௅𝛽𝑦௕ 𝑐𝑜𝑠ሺ𝛼𝑥ሻ 𝑠𝑖𝑛ሺ𝛽𝑧ሻሺ1 െ 𝑁௅ଶሻ ቀ
డ௪భ
డ௬ ൅
డ௩భ
డ௭ ቁ  
    െ2𝑁௅ଷ𝛼𝛽𝑦௕ଶ 𝑐𝑜𝑠ሺ𝛼𝑥ሻ 𝑠𝑖𝑛ሺ𝛼𝑥ሻ 𝑐𝑜𝑠ሺ𝛽𝑧ሻ 𝑠𝑖𝑛ሺ𝛽𝑧ሻ ቀడ௨భడ௭ ൅
డ௪భ
డ௫ ቁ  
    ൅2𝑁௅ଷ𝑦௕ଶ𝛼ଶ𝑠𝑖𝑛ଶሺ𝛼𝑥ሻ𝑐𝑜𝑠ଶሺ𝛽𝑧ሻ డ௨భడ௫ ൅ 2𝑁௅ଷ𝑦௕ଶ𝑐𝑜𝑠ଶሺ𝛼𝑥ሻ𝑠𝑖𝑛ଶሺ𝛽𝑧ሻ𝛽ଶ
డ௪భ
డ௭ ሿ, (2.25b) 
 
𝜎௭௧,௅ ൌ ଵோ௘ ቂ𝑁௅𝛼𝑦௕ 𝑠𝑖𝑛ሺ𝛼𝑥ሻ 𝑐𝑜𝑠ሺ𝛽𝑧ሻሺ1 െ 2𝛽ଶ𝑁௅ଶ𝑦௕ଶ𝑐𝑜𝑠ଶሺ𝛼𝑥ሻ𝑠𝑖𝑛ଶሺ𝛽𝑧ሻቁ ቀ
డ௨భ
డ௭ ൅
డ௪భ
డ௫ ቁ  
      െ𝑁௅ ቀ1 െ 2𝑁௅ଶ𝛽ଶ𝑦௕ଶ𝑐𝑜𝑠ଶሺ𝛼𝑥ሻ𝑠𝑖𝑛ଶሺ𝛽𝑧ሻቁ ቀడ௩భడ௫ ൅
డ௨భ
డ௬ ቁ  
     ൅2𝑁௅𝛽𝑦௕ 𝑐𝑜𝑠ሺ𝛼𝑥ሻ 𝑠𝑖𝑛ሺ𝛽𝑧ሻ ቀ1 െ 𝑁௅ଶ𝛽ଶ𝑦௕ଶ 𝑐𝑜𝑠ଶሺ𝛼𝑥ሻ 𝑠𝑖𝑛ଶሺ𝛽𝑧ሻቁ డ௪భడ௭   
     െ2𝑁௅ଷ𝑦௕ଷ𝛼ଶ𝛽𝑠𝑖𝑛ଶሺ𝛼𝑥ሻ𝑐𝑜𝑠ଶሺ𝛽𝑧ሻ𝑐𝑜𝑠ሺ𝛼𝑥ሻ𝑠𝑖𝑛ሺ𝛽𝑧ሻ డ௨భడ௫ െ 2𝑁௅ଷ𝛽 𝑦௕𝑐𝑜𝑠ሺ𝛼𝑥ሻ 𝑠𝑖𝑛ሺ𝛽𝑧ሻ
డ௩భ
డ௬   
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     െ2𝑁௅ଷ𝛼𝛽𝑦௕ଶ 𝑐𝑜𝑠ሺ𝛼𝑥ሻ 𝑠𝑖𝑛ሺ𝛼𝑥ሻ 𝑐𝑜𝑠ሺ𝛽𝑧ሻ 𝑠𝑖𝑛ሺ𝛽𝑧ሻ ቀడ௩భడ௫ ൅
డ௨భ
డ௬ ቁሿ.  (2.25c) 
The total force vector 𝑭ሬሬ⃗ 𝑳 acting on the fluid at the lower wall per unit area can be expressed 
in the following form  
𝑭ሬ⃗𝑳 ൌ ሾ𝐹௫,௅, 𝐹௬,௅, 𝐹௭,௅ሿ ൌ ሾ𝐹௫௩,௅ ൅ 𝐹௫௣,௅, 𝐹௬௩,௅ ൅ 𝐹௬௣,௅, 𝐹௭௩,௅ ൅ 𝐹௭௣,௅ሿ (2.26) 
where the x-, y- and z-components of the shear (viscous) force are 
𝐹௫௩,௅ ൌ ∬ 𝜎௫௩,௅ௌಽ 𝑑𝑆௅ ൌ 𝜆௫ି ଵ𝜆௭ି ଵ ׬ ׬ 𝜎௫௩,௅ට1 ൅ ቀ
డ௬ಽ
డ௫ ቁ
ଶ ൅ ቀడ௬ಽడ௭ ቁ
ଶఒ೥
଴ 𝑑𝑥𝑑𝑧
ఒೣ
଴ , (2.27a) 
𝐹௬௩,௅ ൌ ∬ 𝜎௬௩,௅ௌಽ 𝑑𝑆௅ ൌ 𝜆௫ି ଵ𝜆௭ି ଵ ׬ ׬ 𝜎௬௩,௅ට1 ൅ ቀ
డ௬ಽ
డ௫ ቁ
ଶ ൅ ቀడ௬ಽడ௭ ቁ
ଶఒ೥
଴ 𝑑𝑥𝑑𝑧
ఒೣ
଴ ,   (2.27b) 
𝐹௭௩,௅ ൌ ∬ 𝜎௭௩,௅ௌಽ 𝑑𝑆௅ ൌ 𝜆௫ି ଵ𝜆௭ି ଵ ׬ ׬ 𝜎௭௩,௅ට1 ൅ ቀ
డ௬ಽ
డ௫ ቁ
ଶ ൅ ቀడ௬ಽడ௭ ቁ
ଶఒ೥
଴ 𝑑𝑥𝑑𝑧
ఒೣ
଴ , (2.27c) 
and the x-, y- and z-components of the pressure force are 
𝐹௫௣,௅ ൌ ∬ 𝜎௫௣,௅ௌಽ 𝑑𝑆௅ ൌ 𝜆௫ି ଵ𝜆௭ି ଵ ׬ ׬ 𝜎௫௣,௅ට1 ൅ ቀ
డ௬ಽ
డ௫ ቁ
ଶ ൅ ቀడ௬ಽడ௭ ቁ
ଶఒ೥
଴ 𝑑𝑥𝑑𝑧
ఒೣ
଴ ,  (2.28a) 
𝐹௬௣,௅ ൌ ∬ 𝜎௬௣,௅ௌಽ 𝑑𝑆௅ ൌ 𝜆௫ି ଵ𝜆௭ି ଵ ׬ ׬ 𝜎௬௣,௅ට1 ൅ ቀ
డ௬ಽ
డ௫ ቁ
ଶ ൅ ቀడ௬ಽడ௭ ቁ
ଶఒ೥
଴ 𝑑𝑥𝑑𝑧
ఒೣ
଴ , (2.28b) 
𝐹௭௣,௅ ൌ ∬ 𝜎௭௣,௅ௌಽ 𝑑𝑆௅ ൌ 𝜆௫ି ଵ𝜆௭ି ଵ ׬ ׬ 𝜎௭௣,௅ට1 ൅ ቀ
డ௬ಽ
డ௫ ቁ
ଶ ൅ ቀడ௬ಽడ௭ ቁ
ଶఒ೥
଴ 𝑑𝑥𝑑𝑧
ఒೣ
଴ . (2.28c) 
The stress vector 𝝈ሬ⃗𝑼  acting on the fluid at the upper wall can be expressed in a similar 
way, i.e. 
𝝈ሬ⃗𝑼   ൌ 𝒏ሬ⃗𝑼 ∙  𝛔ന ൌ ൣ𝜎௫,௎, 𝜎௬,௎, 𝜎௭,௎൧ ൌ ሾ𝜎௫௩,௎ ൅ 𝜎௫௣,௎, 𝜎௬௩,௎ ൅ 𝜎௬௣,௎, 𝜎௭௩,௎ ൅ 𝜎௭௣,௎ሿ  
        ൌ ൣ𝑛௫,௎, 𝑛௬,௎, 𝑛௭,௎൧ ൥
𝜏௫௫ െ 𝑝 𝜏௫௬ 𝜏௫௭𝜏௬௫ 𝜏௬௬ െ 𝑝 𝜏௬௭𝜏௭௫ 𝜏௭௬ 𝜏௭௭ െ 𝑝
൩
௬ೆ
, (2.29) 
and the normal unit vector pointing outwards has the following form  
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ሾ𝑛௫,௎ 𝑛௬,௎ 𝑛௭,௎ሿ ൌ
𝑁௎ሾ𝛼𝑦௕ 𝑠𝑖𝑛ሺ𝛼𝑥 ൅ 𝛺௫ሻ 𝑐𝑜𝑠ሺ𝛽𝑧 ൅ 𝛺௭ሻ , 1, 𝛽𝑦௕ 𝑐𝑜𝑠ሺ𝛼𝑥 ൅ 𝛺௫ሻ 𝑠𝑖𝑛 ሺ𝛽𝑧 ൅ 𝛺௭ሻሿ (2.30) 
with  
𝑁௎ ൌ ሼ1 ൅ ሾ𝑎𝑦௕𝑠𝑖𝑛 ሺ𝛼𝑥 ൅ 𝛺௫ሻ𝑐𝑜𝑠 ሺ𝛽𝑧 ൅ 𝛺௭ሻሿଶ ൅ ሾ𝛽𝑦௕ 𝑐𝑜𝑠ሺ𝛼𝑥 ൅ 𝛺௫ሻ 𝑠𝑖𝑛 ሺ𝛽𝑧 ൅ 𝛺௭ሻሿଶሽିଵ/ଶ.  
   (2.31)  
Similarly, the x-, y- and z- components of the viscous stress vector are  
𝜎௫௩,௎ ൌ ቄ𝑛௫,௎ ቂ ଶோ௘
డ௨భ
𝜕𝑥 ቃ ൅ 𝑛௬,௎ ቂ
ଵ
ோ௘ ቀ
డ௨బ
డ௬ ൅
డ௨భ
డ௬ ൅
డ௩భ
𝜕𝑥 ቁቃ ൅ 𝑛௭,௎ ቂ
ଵ
ோ௘ ቀ
డ௨భ
డ௭ ൅
డ௪భ
𝜕𝑥 ቁቃቅ௬ೆ , (2.32a) 
𝜎௬௩,௎ ൌ ቄ𝑛௫,௎ ቂ ଵோ௘ ቀ
డ௨బ
డ௬ ൅
డ௨భ
డ௬ ൅
డ௩భ
𝜕𝑥 ቁቃ ൅ 𝑛௬,௎ ቂ
ଶ
ோ௘
డ௩భ
డ௬ ቃ ൅ 𝑛௭,௎ ቂ
ଵ
ோ௘ ቀ
డ௪భ
డ௬ ൅
డ௩భ
డ௭ ቁቃቅ௬ೆ , (2.32b) 
𝜎௭௩,௎ ൌ ቄ𝑛௫,௎ ቂ ଵோ௘ ቀ
డ௨భ
డ௭ ൅
డ௪భ
𝜕𝑥 ቁቃ ൅ 𝑛௬,௎ ቂ
ଵ
ோ௘ ቀ
డ௪భ
డ௬ ൅
డ௩భ
డ௭ ቁቃ ൅ 𝑛௭,௎ ቂ
ଶ
ோ௘
డ௪భ
డ௭ ቃቅ௬ೆ , (2.32c) 
while the x-, y- and z- components of the pressure force have the form  
𝜎௫௣,௎ ൌ െ𝑛௫,௎𝑝|௬ೆ, 𝜎௬௣,௎ ൌ െ𝑛௬,௎𝑝|௬ೆ, 𝜎௭௣,௎ ൌ െ𝑛௭,௎𝑝|௬ೆ . (2.33a, b, c) 
The normal stress vector 𝝈ሬሬ⃗ 𝒏,𝑼 can be expressed as 
𝝈ሬ⃗𝒏,𝑼 ൌ ሺ𝝈ሬ⃗𝑼  ∙ 𝒏ሬ⃗𝑼ሻ𝒏ሬ⃗𝑼 ൌ ൣ𝜎௫௡,௎, 𝜎௬௡,௎, 𝜎௭௡,௎൧  
        ൌ ሾ𝜎௫௡௩,௎ ൅ 𝜎௫௡௣,௎, 𝜎௬௡௩,௎ ൅ 𝜎௬௡௣,௎, 𝜎௭௡௩,௎ ൅ 𝜎௭௡௣,௎ሿ             (2.34)  
where the x-, y- and z- components of normal viscous stress vector have the following form  
𝜎௫௡௩,௎ ൌ ଶோ௘ 𝑁௎ଷ𝛼𝑦௕ 𝑠𝑖𝑛ሺ𝛼𝑥 ൅ 𝛺௫ሻ 𝑐𝑜𝑠ሺ𝛽𝑧 ൅ 𝛺௭ሻ ሼ
డ௨భ
𝜕𝑥 𝛼ଶ𝑦௕ଶ𝑠𝑖𝑛ଶሺ𝛼𝑥 ൅ 𝛺௫ሻ𝑐𝑜𝑠ଶሺ𝛽𝑧 ൅ 𝛺௭ሻ  
        െ ቀడ௨బడ௬ ൅
డ௨భ
డ௬ ൅
డ௩భ
𝜕𝑥 ቁ 𝛼𝑦௕ 𝑠𝑖𝑛ሺ𝛼𝑥 ൅ 𝛺௫ሻ 𝑐𝑜𝑠ሺ𝛽𝑧 ൅ 𝛺௭ሻ  
        ൅ ቀడ௨భడ௭ ൅
డ௪భ
𝜕𝑥 ቁ 𝛼𝛽𝑦௕ଶ 𝑠𝑖𝑛ሺ𝛼𝑥 ൅ 𝛺௫ሻ 𝑐𝑜𝑠ሺ𝛼𝑥 ൅ 𝛺௫ሻ 𝑠𝑖𝑛ሺ𝛽𝑧 ൅ 𝛺௭ሻ 𝑐𝑜𝑠ሺ𝛽𝑧 ൅ 𝛺௭ሻ  
        ൅ డ௩భడ௬ െ ቀ
డ௩భ
డ௭ ൅
డ௪భ
డ௬ ቁ 𝛽𝑦௕ 𝑐𝑜𝑠ሺ𝛼𝑥 ൅ 𝛺௫ሻ 𝑠𝑖𝑛ሺ𝛽𝑧 ൅ 𝛺௭ሻ  
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        ൅ డ௪భడ௭ 𝛽ଶ𝑦௕ଶ 𝑐𝑜𝑠ଶሺ𝛼𝑥 ൅ 𝛺௫ሻ 𝑠𝑖𝑛ଶሺ𝛽𝑧 ൅ 𝛺௭ሻሽ௬ೆ ,   (2.35a) 
 
𝜎௬௡௩,௎ ൌ ଶோ௘ 𝑁௎ଷሼ
డ௨భ
𝜕𝑥 𝛼ଶ𝑦௕ଶ sinଶሺ𝛼𝑥 ൅ 𝛺௫ሻ cosଶሺ𝛽𝑧 ൅ 𝛺௭ሻ  
     െ ቀడ௨బడ௬ ൅
డ௨భ
డ௬ ൅
డ௩భ
𝜕𝑥 ቁ 𝛼𝑦௕ 𝑠𝑖𝑛ሺ𝛼𝑥 ൅ 𝛺௫ሻ 𝑐𝑜𝑠ሺ𝛽𝑧 ൅ 𝛺௭ሻ  
     ൅ ቀడ௨భడ௭ ൅
డ௪భ
𝜕𝑥 ቁ 𝛼𝛽𝑦௕ଶ 𝑠𝑖𝑛ሺ𝛼𝑥 ൅ 𝛺௫ሻ 𝑐𝑜𝑠ሺ𝛼𝑥 ൅ 𝛺௫ሻ 𝑠𝑖𝑛ሺ𝛽𝑧 ൅ 𝛺௭ሻ 𝑐𝑜𝑠ሺ𝛽𝑧 ൅ 𝛺௭ሻ  
     ൅ డ௩భడ௬ െ ቀ
డ௩భ
డ௭ ൅
డ௪భ
డ௬ ቁ 𝛽𝑦௕ 𝑐𝑜𝑠ሺ𝛼𝑥 ൅ 𝛺௫ሻ 𝑠𝑖𝑛ሺ𝛽𝑧 ൅ 𝛺௭ሻ  
     ൅ డ௪భడ௭ 𝛽ଶ𝑦௕ଶ 𝑐𝑜𝑠ଶሺ𝛼𝑥 ൅ 𝛺௫ሻ 𝑠𝑖𝑛ଶሺ𝛽𝑧 ൅ 𝛺௭ሻሽ௬ೆ ,  (2.35b) 
 
𝜎௭௡௩,௎ ൌ ଶோ௘ 𝑁௎ଷ𝛽𝑦௕ 𝑐𝑜𝑠ሺ𝛼𝑥 ൅ 𝛺௫ሻ 𝑠𝑖𝑛ሺ𝛽𝑧 ൅ 𝛺௭ሻ ሼ
డ௨భ
𝜕𝑥 𝛼ଶ𝑦௕ଶ𝑠𝑖𝑛ଶሺ𝛼𝑥 ൅ 𝛺௫ሻ𝑐𝑜𝑠ଶሺ𝛽𝑧 ൅ 𝛺௭ሻ  
      െ ቀడ௨బడ௬ ൅
డ௨భ
డ௬ ൅
డ௩భ
𝜕𝑥 ቁ 𝛼𝑦௕ 𝑠𝑖𝑛ሺ𝛼𝑥 ൅ 𝛺௫ሻ 𝑐𝑜𝑠ሺ𝛽𝑧 ൅ 𝛺௭ሻ  
      ൅ ቀడ௨భడ௭ ൅
డ௪భ
𝜕𝑥 ቁ 𝛼𝛽𝑦௕ଶ 𝑠𝑖𝑛ሺ𝛼𝑥 ൅ 𝛺௫ሻ 𝑐𝑜𝑠ሺ𝛼𝑥 ൅ 𝛺௫ሻ 𝑠𝑖𝑛ሺ𝛽𝑧 ൅ 𝛺௭ሻ 𝑐𝑜𝑠ሺ𝛽𝑧 ൅ 𝛺௭ሻ  
      ൅ డ௩భడ௬ െ ቀ
డ௩భ
డ௭ ൅
డ௪భ
డ௬ ቁ 𝛽𝑦௕ 𝑐𝑜𝑠ሺ𝛼𝑥 ൅ 𝛺௫ሻ 𝑠𝑖𝑛ሺ𝛽𝑧 ൅ 𝛺௭ሻ  
      ൅ డ௪భడ௭ 𝛽ଶ𝑦௕ଶ 𝑐𝑜𝑠ଶሺ𝛼𝑥 ൅ 𝛺௫ሻ 𝑠𝑖𝑛ଶሺ𝛽𝑧 ൅ 𝛺௭ሻሽ௬ೆ .  (2.35c) 
The pressure contributions to the normal stress vector are 
𝜎௫௡௣,௅ ൌ െ𝑁௎𝛼𝑦௕ 𝑠𝑖𝑛ሺ𝛼𝑥 ൅ 𝛺௫ሻ 𝑐𝑜𝑠ሺ𝛽𝑧 ൅ 𝛺௭ሻ 𝑝|௬ೆ , 𝜎௬௡௣,௅ ൌ െ𝑁௎𝑝|௬ೆ,  
𝜎௭௡௣,௅ ൌ െ𝑁௎𝛽𝑦௕ 𝑐𝑜𝑠ሺ𝛼𝑥 ൅ 𝛺௫ሻ 𝑠𝑖𝑛ሺ𝛽𝑧 ൅ 𝛺௭ሻ 𝑝|௬ೆ. (2.36a, b, c) 
The tangential stress vector is  
𝝈ሬ⃗𝒕,𝑼  ൌ ൣ𝜎௫௧,௎, 𝜎௬௧,௎, 𝜎௭௧,௎൧ ൌ 𝝈ሬ⃗𝑼 െ 𝝈ሬ⃗𝒏,𝑼 ൌ ൣ𝜎௫,௎, 𝜎௬,௎, 𝜎௭,௎൧ െ ൣ𝜎௫௡,௎, 𝜎௬௡,௎, 𝜎௭௡,௎൧  
        ൌ ሾ𝜎௫௩,௎ ൅ 𝜎௫௣,௎, 𝜎௬௩,௎ ൅ 𝜎௬௣,௎, 𝜎௭௩,௎ ൅ 𝜎௭௣,௎ሿ െ  
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             ሾ𝜎௫௡௩,௎ ൅ 𝜎௫௡௣,௎, 𝜎௬௡௩,௎ ൅ 𝜎௬௡௣,௎, 𝜎௭௡௩,௎ ൅ 𝜎௭௡௣,௎ሿ (2.37) 
where   
𝜎௫௧,௎ ൌ ଵோ௘ ሾ2𝑁௎𝛼𝑦௧ 𝑠𝑖𝑛ሺ𝛼𝑥 ൅ 𝛺௫ሻ 𝑐𝑜𝑠ሺ𝛽𝑧 ൅ 𝛺௭ሻሺ1 െ 𝑁௎ଶ𝛼ଶ𝑦௧ଶ 𝑠𝑖𝑛ଶሺ𝛼𝑥 ൅ 𝛺௫ሻ 𝑐𝑜𝑠ଶሺ𝛽𝑧 ൅ 𝛺௭ሻሻ
డ௨భ
డ௫     
     ൅𝑁௎𝛽𝑦௧ 𝑐𝑜𝑠ሺ𝛼𝑥 ൅ 𝛺௫ሻ 𝑠𝑖𝑛 ሺ𝛽𝑧 ൅ 𝛺௭ሻሺ1 െ 2𝑁௎ଶ𝛼ଶ𝑦௧ଶ sinଶሺ𝛼𝑥 ൅ Ω௫ሻ cosଶሺ𝛽𝑧 ൅ 𝛺௭ሻሻሺడ௪భడ௫ ൅
డ௨భ
డ௭ ሻ  
     ൅𝑁௎ሺ1 െ 2𝑁௎ଶ𝛼ଶ𝑦௧ଶ𝑠𝑖𝑛ଶሺ𝛼𝑥 ൅ 𝛺௫ሻ𝑐𝑜𝑠ଶሺ𝛽𝑧 ൅ 𝛺௭ሻሻሺడ௨బడ௬ ൅
డ௨భ
డ௬ ൅
డ௩భ
డ௫ ሻ  
     െ2𝑁௎ଷ𝛼𝑦௧𝑠𝑖𝑛 ሺ𝛼𝑥 ൅ 𝛺௫ሻ𝑐𝑜𝑠 ሺ𝛽𝑧 ൅ 𝛺௭ሻ డ௩భడ௬   
     െ2𝑁௎ଷ𝛼𝛽𝑦௧ଶ𝑠𝑖𝑛 ሺ𝛼𝑥 ൅ 𝛺௫ሻ𝑐𝑜𝑠 ሺ𝛽𝑧 ൅ 𝛺௭ሻ𝑐𝑜𝑠 ሺ𝛼𝑥 ൅ 𝛺௫ሻ𝑠𝑖𝑛 ሺ𝛽𝑧 ൅ 𝛺௭ሻሺడ௩భడ௭ ൅
డ௪భ
డ௬ ሻ  
     െ2𝑁௎ଷ𝛼𝛽ଶ𝑦௧ଷ𝑠𝑖𝑛 ሺ𝛼𝑥 ൅ 𝛺௫ሻ𝑐𝑜𝑠 ሺ𝛽𝑧 ൅ 𝛺௭ሻ𝑐𝑜𝑠ଶሺ𝛼𝑥 ൅ 𝛺௫ሻ𝑠𝑖𝑛ଶሺ𝛽𝑧 ൅ 𝛺௭ሻ డ௪భడ௭ ሿ, (2.38a) 
 
𝜎௬௧,௎ ൌ ଵோ௘ ሾ𝑁௎𝛼𝑦௧ 𝑠𝑖𝑛ሺ𝛼𝑥 ൅ 𝛺௫ሻ 𝑐𝑜𝑠ሺ𝛽𝑧 ൅ 𝛺௭ሻ ሺ1 െ 2𝑁௎ଶሻ ቀ
డ௩భ
డ௫ ൅
డ௨బ
డ௬ ൅
డ௨భ
డ௬ ቁ  
      ൅2𝑁௎ሺ1 െ 𝑁௎ଶሻ డ௩భడ௬ ൅ 𝑁௎𝛽𝑦௧ 𝑐𝑜𝑠ሺ𝛼𝑥 ൅ 𝛺௫ሻ 𝑠𝑖𝑛ሺ𝛽𝑧 ൅ 𝛺௭ሻ ሺ1 െ 𝑁௎ଶሻ ቀ
డ௩భ
డ௭ ൅
డ௪భ
డ௬ ቁ   
      െ2𝑁௎ଷ𝛼𝛽𝑦௧ଶ 𝑠𝑖𝑛ሺ𝛼𝑥 ൅ 𝛺௫ሻ 𝑐𝑜𝑠ሺ𝛽𝑧 ൅ 𝛺௭ሻ 𝑐𝑜𝑠ሺ𝛼𝑥 ൅ 𝛺௫ሻ 𝑠𝑖𝑛ሺ𝛽𝑧 ൅ 𝛺௭ሻ ቀడ௪భడ௫ ൅
డ௨భ
డ௭ ቁ  
      െ2𝑁௎ଷ𝛼ଶ𝑦௧ଶ𝑠𝑖𝑛ଶሺ𝛼𝑥 ൅ 𝛺௫ሻ𝑐𝑜𝑠ଶሺ𝛽𝑧 ൅ 𝛺௭ሻ డ௨భడ௫   
      െ2𝑁௎ଷ𝛽ଶ𝑦௧ଶ 𝑐𝑜𝑠ଶሺ𝛼𝑥 ൅ 𝛺௫ሻ 𝑠𝑖𝑛ଶሺ𝛽𝑧 ൅ 𝛺௭ሻ డ௪భడ௭ ሿ, (2.38b) 
 
𝜎௭௧,௎ ൌ ଵோ௘ ሾ𝑁௎𝛼𝑦௧ 𝑠𝑖𝑛ሺ𝛼𝑥 ൅ 𝛺௫ሻ 𝑐𝑜𝑠 ሺ𝛽𝑧 ൅ 𝛺௭ሻ  
    െ2𝑁௎𝛼𝑦௧ 𝑠𝑖𝑛ሺ𝛼𝑥 ൅ 𝛺௫ሻ 𝑐𝑜𝑠 ሺ𝛽𝑧 ൅ 𝛺௭ሻ𝑁௎ଶ𝛽ଶ𝑦௧ଶ𝑐𝑜𝑠ଶሺ𝛼𝑥 ൅ 𝛺௫ሻ𝑠𝑖𝑛ଶሺ𝛽𝑧 ൅ 𝛺௭ሻ ቀడ௪భడ௫ ൅
డ௨భ
డ௭ ቁ  
    ൅𝑁௎ሺ1 െ 2𝑁௎ଶ𝛽ଶ𝑦௧ଶ 𝑐𝑜𝑠ଶሺ𝛼𝑥 ൅ 𝛺௫ሻ 𝑠𝑖𝑛ଶሺ𝛽𝑧 ൅ 𝛺௭ሻሻ ቀడ௩భడ௭ ൅
డ௪భ
డ௬ ቁ  
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   ൅2𝑁௎𝛽𝑦௧ 𝑐𝑜𝑠ሺ𝛼𝑥 ൅ 𝛺௫ሻ 𝑠𝑖𝑛ሺ𝛽𝑧 ൅ 𝛺௭ሻሺ1 െ 𝑁௎ଶ𝛽ଶ𝑦௧ଶ𝑐𝑜𝑠ଶሺ𝛼𝑥 ൅ 𝛺௫ሻ𝑠𝑖𝑛ଶሺ𝛽𝑧 ൅ 𝛺௭ሻሻ డ௪భడ௭   
   െ2𝑁௎ଷ𝛼𝛽𝑦௧ଶ 𝑠𝑖𝑛ሺ𝛼𝑥 ൅ 𝛺௫ሻ 𝑐𝑜𝑠ሺ𝛽𝑧 ൅ 𝛺௭ሻ 𝑐𝑜𝑠ሺ𝛼𝑥 ൅ 𝛺௫ሻ 𝑠𝑖𝑛ሺ𝛽𝑧 ൅ 𝛺௭ሻ ሺడ௩భడ௫ ൅
డ௨బ
డ௬ ൅
డ௨భ
డ௬ ሻ  
   െ2𝑁௎ଷ𝛽𝑦௧ 𝑐𝑜𝑠ሺ𝛼𝑥 ൅ 𝛺௫ሻ 𝑠𝑖𝑛ሺ𝛽𝑧 ൅ 𝛺௭ሻ డ௩భడ௬   
   െ2𝑁௎ଷ𝛼ଶ𝛽𝑦௧ଷ 𝑠𝑖𝑛ଶሺ𝛼𝑥 ൅ 𝛺௫ሻ 𝑐𝑜𝑠ଶሺ𝛽𝑧 ൅ 𝛺௭ሻ 𝑐𝑜𝑠ሺ𝛼𝑥 ൅ 𝛺௫ሻ 𝑠𝑖𝑛ሺ𝛽𝑧 ൅ 𝛺௭ሻ డ௨భడ௫ ሿ.  (2.38c) 
To determine the total force acting on the fluid at the upper wall we shall use the same 
procedure as for the lower wall. The force has the following form  
𝑭ሬ⃗𝑼 ൌ ሾ𝐹௫,௎, 𝐹௬,௎, 𝐹௭,௎ሿ ൌ ሾ𝐹௫௩,௎ ൅ 𝐹௫௣,௎, 𝐹௬௩,௎ ൅ 𝐹௬௣,௎, 𝐹௭௩,௎ ൅ 𝐹௭௣,௎ሿ (2.39) 
where the x-, y- and z-components of the shear (viscous) force are 
𝐹௫௩,௎ ൌ ∬ 𝜎௫௩,௎ௌೆ 𝑑𝑆௎ ൌ 𝜆௫ି ଵ𝜆௭ି ଵ ׬ ׬ 𝜎௫௩,௎ට1 ൅ ቀ
డ௬ೆ
డ௫ ቁ
ଶ ൅ ቀడ௬ೆడ௭ ቁ
ଶఒ೥
଴ 𝑑𝑥𝑑𝑧
ఒೣ
଴ , (2.40a) 
𝐹௬௩,௎ ൌ ∬ 𝜎௬௩,௎ௌೆ 𝑑𝑆௎ ൌ 𝜆௫ି ଵ𝜆௭ି ଵ ׬ ׬ 𝜎௬௩,௎ට1 ൅ ቀ
డ௬ೆ
డ௫ ቁ
ଶ ൅ ቀడ௬ೆడ௭ ቁ
ଶఒ೥
଴ 𝑑𝑥𝑑𝑧
ఒೣ
଴ ,  (2.40b) 
𝐹௭௩,௎ ൌ ∬ 𝜎௭௩,௎ௌೆ 𝑑𝑆௎ ൌ 𝜆௫ି ଵ𝜆௭ି ଵ ׬ ׬ 𝜎௭௩,௎ට1 ൅ ቀ
డ௬ೆ
డ௫ ቁ
ଶ ൅ ቀడ௬ೆడ௭ ቁ
ଶఒ೥
଴ 𝑑𝑥𝑑𝑧
ఒೣ
଴ , (2.40c) 
and the x-, y- and z-components of the pressure force are 
𝐹௫௣,௎ ൌ ∬ 𝜎௫௣,௎ௌೆ 𝑑𝑆௎ ൌ 𝜆௫ି ଵ𝜆௭ି ଵ ׬ ׬ 𝜎௫௣,௎ට1 ൅ ቀ
డ௬ೆ
డ௫ ቁ
ଶ ൅ ቀడ௬ೆడ௭ ቁ
ଶఒ೥
଴ 𝑑𝑥𝑑𝑧
ఒೣ
଴ , (2.41a) 
𝐹௬௣,௎ ൌ ∬ 𝜎௬௣,௎ௌೆ 𝑑𝑆௎ ൌ 𝜆௫ି ଵ𝜆௭ି ଵ ׬ ׬ 𝜎௬௣,௎ට1 ൅ ቀ
డ௬ೆ
డ௫ ቁ
ଶ ൅ ቀడ௬ೆడ௭ ቁ
ଶఒ೥
଴ 𝑑𝑥𝑑𝑧
ఒೣ
଴ , (2.41b) 
𝐹௭௣,௎ ൌ ∬ 𝜎௭௣,௎ௌೆ 𝑑𝑆௎ ൌ 𝜆௫ି ଵ𝜆௭ି ଵ ׬ ׬ 𝜎௭௣,௎ට1 ൅ ቀ
డ௬ೆ
డ௫ ቁ
ଶ ൅ ቀడ௬ೆడ௭ ቁ
ଶఒ೥
଴ 𝑑𝑥𝑑𝑧
ఒೣ
଴ . (2.41c)  
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Chapter 3  
3 Numerical Solution 
This chapter introduces the numerical method used in the thesis. This method has been 
originally developed by Sakib et al. (2017). Section 3.1 introduces a form of the governing 
equations suitable for numerical solution, Section 3.2 describes the discretization method 
and Section 3.3 explains the solution strategy, including the description of the specialized 
linear solver. Section 3.4 discusses the post-processing. This algorithm delivers spectral 
accuracy, as shown by Sakib et al. (2017).  
3.1 Velocity-vorticity formulation for the governing equations 
Use of the velocity-vorticity formulation eliminates the need for direct evaluation of 
pressure which leads to more efficient computations. The vorticity vector is defined as 
𝝎ሬሬሬ⃗ ሺ𝑥, 𝑦, 𝑧ሻ ൌ ∇ ൈ 𝑽ሬሬ⃗ ൌ ቀ𝜔௫ሺ𝑥, 𝑦, 𝑧ሻ, 𝜔௬ሺ𝑥, 𝑦, 𝑧ሻ, 𝜔௭ሺ𝑥, 𝑦, 𝑧ሻቁ ൌ 𝝎ሬሬሬ⃗ 𝟎ሺ𝑦ሻ ൅ 𝝎ሬሬሬ⃗ 𝟏ሺ𝑥, 𝑦, 𝑧ሻ, (3.1) 
where 
𝝎ሬሬሬ⃗ 𝟎 ൌ ሺ0, 0, 2𝑦ሻ,    𝝎ሬሬሬ⃗ 𝟏 ൌ ሺ𝜉ଵ, 𝜂ଵ, 𝜍ଵሻ ൌ ቀడ௪భడ௬ െ
డ௩భ
డ௭ ,
డ௨భ
డ௭ െ
డ௪భ
డ௫ ,
డ௩భ
డ௫ െ
డ௨భ
డ௬ ቁ, (3.2a, b) 
𝝎ሬሬሬ⃗ 𝟎  stands for the vorticity of the reference flow and 𝝎ሬሬሬ⃗ 𝟏  denotes the vorticity 
modifications. 
The governing equations given in Eq. (2.12) can be reduced to a system of two equations 
for the wall-normal velocity and vorticity components. To get the latter one, take 
ቀ డమడ௫మ ൅
డమ
డ௭మቁ ∙ Eq. ሺ2.12cሻ െ ቀ
డమ
డ௫డ௬ቁ ∙ Eq. ሺ2.12bሻ െ ቀ
డమ
డ௬డ௭ቁ ∙ Eq. ሺ2.12dሻ to arrive at 
ቀ𝑢଴ డడ௫ቁ ሺ∇ଶ𝑣ଵሻ െ
డమ௨బ
డ௬మ
డ௩భ
డ௫ െ 𝑁௩ ൌ
ଵ
ோ௘ ∇ଶሺ∇ଶ𝑣ଵሻ (3.3) 
where 𝑁௩ denotes the nonlinear term defined as 
𝑁௩ ൌ డడ௬ ቀ
డுೠ
డ௫ ൅
డுೢ
డ௭ ቁ െ ቀ
డమ
డ௫ ൅
డమ
డ௭ቁ 𝐻௩, (3.4) 
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with 
𝐻௨ ൌ 𝑽ሬሬ⃗ 𝟏 ∙ ∇𝑢ଵ ൌ ∇ ∙ ൫𝑽ሬሬ⃗ 𝟏𝑢ଵ ൯, (3.5a) 
𝐻௩ ൌ 𝑽ሬሬ⃗ 𝟏 ∙ ∇𝑣ଵ ൌ ∇ ∙ ൫𝑽ሬሬ⃗ 𝟏𝑣ଵ ൯, (3.5b) 
𝐻௪ ൌ 𝑽ሬሬ⃗ 𝟏 ∙ ∇𝑤ଵ ൌ ∇ ∙ ൫𝑽ሬሬ⃗ 𝟏𝑤ଵ ൯. (3.5c)  
To get the former one, take డడ௭ ∙ Eq. ሺ2.12bሻ െ
డ
డ௫ ∙ Eq. ሺ2.12dሻ to arrive at 
𝑢଴ డఎభడ௫ ൅
డ௨బ
డ௬
డ௩భ
డ௭ െ 𝑁ఎ ൌ
ଵ
ோ௘ ∇ଶ𝜂ଵ (3.6) 
where 𝑁ఎ stands for the nonlinear term defined as 
𝑁ఎ ൌ డுೢడ௫ െ
డுೠ
డ௭ . (3.7) 
The system of equations to be solved has the following form 
െ ଵோ௘ ∇ଶሺ∇ଶ𝑣ଵሻ ൅ ቀ𝑢଴
డ
డ௫ቁ ሺ∇ଶ𝑣ଵሻ െ
డమ௨బ
డ௬మ
డ௩భ
డ௫ ൌ 𝑁௩, (3.8a) 
െ ଵோ௘ ∇ଶ𝜂ଵ ൅ 𝑢଴
డఎభ
డ௫ ൅
డ௩భ
డ௭
డ௨బ
డ௬ ൌ 𝑁ఎ  (3.8b) 
where the nonlinear terms are considered known during the iterative solution process. The 
form of boundary conditions will be presented later in this presentation.  
Solution of Eq. (3.8) results in the determination of 𝜂ଵ and 𝜈ଵ. The update of the nonlinear 
terms requires evaluation of  𝑢ଵ and 𝑤ଵ at each iteration step. The relevant relations are 
determined from the continuity equation and the definition of the wall-normal vorticity, i.e. 
ቀ డమడ௫మ ൅
డమ
డ௭మቁ 𝑢ଵ ൌ െ
డమ௩భ
డ௫డ௬ ൅
డఎభ
డ௭ ,  ቀ
డమ
డ௫మ ൅
డమ
డ௭మቁ 𝑤ଵ ൌ െ ቀ
డమ௩భ
డ௭డ௬ ൅
డఎభ
డ௫ ቁ. (3.9a, b) 
There are two limiting cases for the above system, i.e. (i) the corrugations in the form of 
transverse grooves and (ii) in the form of longitudinal grooves. The transverse grooves 
result in the two-dimensional flow modifications, thus the vorticity equation (3.8b) is 
identically satisfied as 𝜂ଵ becomes zero. The velocity equation (3.8a) reduces to  
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െ ଵோ௘ ∇ଶሺ∇ଶ𝑣ଵሻ ൅ 𝑢଴
డ
డ௫ ሺ∇ଶ𝑣ଵሻ െ
డమ௨బ
డ௬మ
డ௩భ
డ௫ ൌ
డ
డ௬ ቀ
డுೠ
డ௫ ቁ െ
డమ
డ௫ 𝐻௩ (3.10) 
For the longitudinal grooves, the directions of flow modifications and reference flow are 
the same which results in 𝑉ሬ⃗ ଵ ൌ ሺ𝑢ଵ, 0, 0ሻ. Therefore, Eq. (3.3a) is identically satisfied and 
Eq. (3.8b) reduces to  
డ
డ௭ ቀ
డమ௨భ
డ௬మ ൅
డమ௨భ
డ௭మ ቁ ൌ 0. (3.11) 
3.2 Discretization method 
We wish to determine the solution of the flow problem defined in the previous section with 
a spectral accuracy. The difficulties associated with the irregularity of the solution domain 
are solved using the IBC (Immersed Boundary Conditions) concept. We use a fixed 
rectangular computational domain to submerge the flow domain inside its interior. The 
computational domain extends over one period in the x- and z-directions and over 
ሺെ1 െ 𝑦௕, 1 ൅ 𝑦௧ሻ in the y-direction, where 𝑦௧ and 𝑦௕ are the amplitudes of the upper and 
lower walls, respectively. The flow boundary conditions are replaced with the equivalent 
constraints.  
We shall use Chebyshev polynomials for discretization in the transverse direction and, in 
order to use their standard definition, we need to map the y-extent of the computational 
domain into (-1,1), i.e. 
𝑦ො ൌ Гሾ𝑦 െ ሺ1 ൅ 𝑦௧ሻሿ ൅ 1 (3.12) 
where 𝑦ො  ∈  〈െ1, 1〉, Γ ൌ 2 ሺ2 ൅ 𝑦௧ ൅ 𝑦௕ሻ⁄ .  
The flow problem, Eq. (3.8) expressed using (x, 𝑦ො, z) coordinates has the form  
െ ଵோ௘ ቀ
డమ
డ௫మ ൅ Гଶ
డమ
డ௬ොమ ൅
డమ
డ௭మቁ
ଶ 𝑣ଵ ൅ ቀ𝑢଴ డడ௫ቁ ቀ
డమ
డ௫మ ൅ Гଶ
డమ
డ௬ොమ ൅
డమ
డ௭మቁ 𝑣ଵ െ Гଶ
డమ௨బ
డ௬ොమ
డ௩భ
డ௫ ൌ 𝑁௩, (3.13a) 
െ ଵோ௘ ቀ
డమ
డ௫మ ൅ Гଶ
డమ
డ௬ොమ ൅
డమ
డ௭మቁ 𝜂ଵ ൅ 𝑢଴
డఎభ
డ௫ ൅ Г
డ௩భ
డ௭
డ௨బ
డ௬ො ൌ 𝑁ఎ (3.13b) 
where  
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𝑁௩ ൌ డడ௬ ቀ
డுೠ
డ௫ ൅
డுೢ
డ௭ ቁ െ ቀ
డమ
డ௫ ൅
డమ
డ௭ቁ 𝐻௩,  𝑁ఎ ൌ
డுೢ
డ௫ െ
డுೠ
డ௭ , (3.14a) 
𝐻௨ ൌ డడ௫ ሺ𝑢ଵ𝑢ଵሻ ൅ Г
డ
డ௬ො ሺ𝑢ଵ𝑣ଵሻ ൅
డ
డ௭ ሺ𝑢ଵ𝑤ଵሻ, (3.14b) 
𝐻௩ ൌ డడ௫ ሺ𝑢ଵ𝑣ଵሻ ൅ Г
డ
డ௬ො ሺ𝑣ଵ𝑣ଵሻ ൅
డ
డ௭ ሺ𝑣ଵ𝑤ଵሻ, (3.14c) 
𝐻௪ ൌ డడ௫ ሺ𝑢ଵ𝑤ଵሻ ൅ Г
డ
డ௬ො ሺ𝑣ଵ𝑤ଵሻ ൅
డ
డ௭ ሺ𝑤ଵ𝑤ଵሻ. (3.14d) 
The boundary conditions in the new coordinate system are expressed as follows  
𝑢ଵ൫𝑦ො௎ሺ𝑥, 𝑧ሻ൯ ൌ െ𝑢଴൫𝑦ො௎ሺ𝑥, 𝑧ሻ൯,  𝑢ଵ൫𝑦ො௅ሺ𝑥, 𝑧ሻ൯ ൌ െ𝑢଴൫𝑦ො௅ሺ𝑥, 𝑧ሻ൯, (3.15a, b) 
𝑣ଵ൫𝑦ො௎ሺ𝑥, 𝑧ሻ൯ ൌ 0,  𝑣ଵ൫𝑦ො௅ሺ𝑥, 𝑧ሻ൯ ൌ 0, (3.15c, d) 
𝑤ଵ൫𝑦ො௎ሺ𝑥, 𝑧ሻ൯ ൌ 0,  𝑤ଵ൫𝑦ො௅ሺ𝑥, 𝑧ሻ൯ ൌ 0 (3.15e, f) 
where 
yො௅ሺ𝑥, 𝑧ሻ ൌ 1 ൅ Γሺ𝑦௕ cosሺ𝛼𝑥ሻ cosሺ𝛽𝑧ሻ െ 2 െ 𝑦௧ሻ, (3.16a) 
yො௎ሺ𝑥, 𝑧ሻ ൌ 1 ൅ Γ𝑦௧ ሺcosሺ𝛼𝑥 ൅ Ω௫ሻ cosሺ𝛽𝑧 ൅ Ω௭ሻ െ 1ሻ. (3.16b) 
The flow-rate constraints can be expressed in the form 
𝑄ሺ𝑥ሻ|௠௘௔௡ ൌ ଵଶగ ఉ⁄ ׬ ׬ ቂ
ଵ
Г 𝑢଴ሺ𝑦ොሻ ൅
ଵ
Г 𝑢ଵሺ𝑥, 𝑦ො, 𝑧ሻቃ 𝑑𝑦ො𝑑𝑧
௬ොೆሺ௫,௭ሻ
௬ොಽሺ௫,௭ሻ
ଶగ ఉ⁄
଴ ൌ 4/3, (3.17a) 
𝑄ሺ𝑧ሻ|௠௘௔௡ ൌ ଵమഏ
ഀ
׬ ׬ ቂଵ୻ 𝑢଴ሺ𝑦ොሻ ൅
ଵ
୻ 𝑢ଵሺ𝑥, 𝑦ො, 𝑧ሻቃ 𝑑𝑦ො𝑑𝑥
௬ොೆሺ௫,௭ሻ
௬ොಽሺ௫,௭ሻ ൌ 0
మഏ
ഀ଴ . (3.17b) 
3.2.1 Discretization of the field equations 
We begin discretization by representing the unknown vorticity, velocities as well as their 
products as Fourier expansions in the periodic directions, i.e. 
ሾ𝜂ଵ, 𝑢ଵ, 𝑣ଵ, 𝑤ଵሿሺ𝑥, 𝑦ො, 𝑧ሻ ൌ ∑ ∑ ൣ𝜂ሺ௡,௠ሻ, 𝑢ሺ௡,௠ሻ, 𝑣ሺ௡,௠ሻ, 𝑤ሺ௡,௠ሻ൧ሺ𝑦ොሻ𝑒௜ሺ௡ఈ௫ା௠ఉ௭ሻ୫ୀାஶ௠ୀିஶ୬ୀାஶ௡ୀିஶ   
                                          ൎ ∑ ∑ ൣ𝜂ሺ௡,௠ሻ, 𝑢ሺ௡,௠ሻ, 𝑣ሺ௡,௠ሻ, 𝑤ሺ௡,௠ሻ൧ሺ𝑦ොሻ𝑒௜ሺ௡ఈ௫ା௠ఉ௭ሻ௡ୀெಾ௠ୀିெಾ௡ୀேಾ௡ୀିேಾ , (3.18) 
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ሺ𝑢ଵ𝑢ଵሻሺ𝑥, 𝑦ො, 𝑧ሻ ൌ ∑ ∑ ൣ〈𝑢ଵ𝑢ଵ〉ሺ௡,௠ሻ൧ሺ𝑦ොሻ𝑒௜ሺ௡ఈ௫ା௠ఉ௭ሻ௠ୀஶ௠ୀିஶ௡ୀஶ௡ୀିஶ   
                                ൎ ∑ ∑ ൣ〈𝑢ଵ𝑢ଵ〉ሺ௡,௠ሻ൧ሺ𝑦ොሻ𝑒௜ሺ௡ఈ௫ା௠ఉ௭ሻ௠ୀெಾ௠ୀିெಾ௡ୀேಾ௡ୀିேಾ  (3.19) 
while other products, i.e. ሺ𝑢ଵ𝑣ଵሻ, ሺ𝑢ଵ𝑤ଵሻ, ሺ𝑣ଵ𝑣ଵሻ, ሺ𝑣ଵ𝑤ଵሻ, ሺ𝑤ଵ𝑤ଵሻ , are expressed in a 
similar manner. In the above, 𝑁ெ and 𝑀ெ represent truncations in the x- and z-directions, 
respectively, 𝜂ሺ௡,௠ሻ, 𝑢ሺ௡,௠ሻ, 𝑣ሺ௡,௠ሻ , 𝑤ሺ௡,௠ሻ  are the modal functions for the wall-normal 
vorticity and streamwise, wall-normal and spanwise velocity components, respectively, 
and 𝜂ሺ௡,௠ሻ ൌ  𝜂ሺି௡,ି௠ሻ∗,  𝜂ሺ௡,ି௠ሻ ൌ  𝜂ሺି௡,௠ሻ∗ , 𝑢ሺ௡,௠ሻ ൌ  𝑢ሺି௡,ି௠ሻ∗ , 𝑢ሺ௡,ି௠ሻ ൌ  𝑢ሺି௡,௠ሻ∗ , 
𝑣ሺ௡,௠ሻ ൌ  𝑣ሺି௡,ି௠ሻ∗ , 𝑣ሺ௡,ି௠ሻ ൌ  𝑣ሺି௡,௠ሻ∗ , 𝑤ሺ௡,௠ሻ ൌ  𝑤ሺି௡,ି௠ሻ∗ , 𝑤ሺ௡,ି௠ሻ ൌ  𝑤ሺି௡,௠ሻ∗ 
represent the reality conditions with stars denoting complex conjugates. 
Substitution of Eq. (3.18) and Eq. (3.19) into Eq. (3.13) and separation of Fourier modes 
leads to the ordinary differential equations for the modal functions of the form  
ቂ஽೙೘మோ௘ ൅ 𝑖𝑛𝛼ሺെ𝑢଴𝐷௡௠ ൅ 𝐷ଶ𝑢଴ሻቃ 𝑣ሺ௡,௠ሻሺ𝑦ොሻ ൌ െ𝑁௩ሺ௡,௠ሻ, (3.20a) 
ቀ஽೙೘ோ௘ െ 𝑖𝑛𝛼𝑢଴ቁ 𝜂ሺ௡,௠ሻሺ𝑦ොሻ െ ሺ𝑖𝑚𝛽𝐷𝑢଴ሻ𝑣ሺ௡,௠ሻሺ𝑦ොሻ ൌ െ𝑁ఎሺ௡,௠ሻ (3.20b) 
for െ𝑁ெ ൑ 𝑛 ൑ 𝑁ெ , െ𝑀ெ ൑ 𝑚 ൑ 𝑀ெ where 
𝐷௤ ൌ Г௤ ௗ೜ௗ௬೜  , 𝐷௡௠ ൌ 𝐷ଶ െ 𝑘௡௠ଶ  , 𝑘௡௠ଶ ൌ 𝑛ଶ𝛼ଶ ൅ 𝑚ଶ𝛽ଶ, (3.21a, b, c) 
𝑁௩ሺ௡,௠ሻ ൌ 𝑖𝐷ൣ𝑛𝛼𝐻௨ሺ௡,௠ሻ ൅ 𝑚𝛽𝐻௪ሺ௡,௠ሻ൧ ൅ 𝑘௡௠ଶ 𝐻௩ሺ௡,௠ሻ, (3.21d) 
𝑁ఎሺ௡,௠ሻ ൌ 𝑖𝑛𝛼𝐻௪ሺ௡,௠ሻ െ 𝑖𝑚𝛽𝐻௨ሺ௡,௠ሻ, (3.21e) 
𝐻௨ሺ௡,௠ሻ ൌ 𝑖𝑛𝛼〈𝑢ଵ𝑢ଵ〉ሺ௡,௠ሻ ൅ 𝐷〈𝑢ଵ𝑣ଵ〉ሺ௡,௠ሻ ൅ 𝑖𝑚𝛽〈𝑢ଵ𝑤ଵ〉ሺ௡,௠ሻ, (3.21f) 
𝐻௩ሺ௡,௠ሻ ൌ 𝑖𝑛𝛼〈𝑢ଵ𝑣ଵ〉ሺ௡,௠ሻ ൅ 𝐷〈𝑣ଵ𝑣ଵ〉ሺ௡,௠ሻ ൅ 𝑖𝑚𝛽〈𝑣ଵ𝑤ଵ〉ሺ௡,௠ሻ, (3.21g) 
𝐻௪ሺ௡,௠ሻ ൌ 𝑖𝑛𝛼〈𝑢ଵ𝑤ଵ〉ሺ௡,௠ሻ ൅ 𝐷〈𝑣ଵ𝑤ଵ〉ሺ௡,௠ሻ ൅ 𝑖𝑚𝛽〈𝑤ଵ𝑤ଵ〉ሺ௡,௠ሻ. (3.21h) 
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Functions 𝑁௩ , 𝑁ఎ , 𝐻௨ , 𝐻௩ , 𝐻௪  are replaced by their Fourier expansions with 𝑁௩ሺ௡,௠ሻ , 
𝑁ఎሺ௡,௠ሻ , 𝐻௨ሺ௡,௠ሻ , 𝐻௩ሺ௡,௠ሻ , 𝐻௪ሺ௡,௠ሻ  denoting the relevant modal functions. Equations (3.20) 
represent a sixth-order sub-system for each modal function and require six boundary 
conditions. 
Substitutions of Eq. (3.12) and Eq. (3.18) into Eq. (3.9) result in expressions for the modal 
functions 𝑢ሺ௡,௠ሻ and 𝑤ሺ௡,௠ሻ, i.e. 
𝑢ሺ௡,௠ሻሺ𝑦ොሻ ൌ ଵ௞೙೘మ ൣ𝑖𝑛𝛼𝐷𝑣
ሺ௡,௠ሻ െ 𝑖𝑚𝛽𝜂ሺ௡,௠ሻ൧, (3.22a) 
𝑤ሺ௡,௠ሻሺ𝑦ොሻ ൌ ଵ௞೙೘మ ൣ𝑖𝑚𝛽𝐷𝑣
ሺ௡,௠ሻ ൅ 𝑖𝑛𝛼𝜂ሺ௡,௠ ሻ൧. (3.22b) 
Systems (3.20) and (3.22) provide means for the determination of modal functions for 𝑢ଵ, 
𝑣ଵ, 𝑤ଵ and 𝜂ଵ except mode ሺ𝑛, 𝑚ሻ ൌ ሺ0, 0ሻ. In order to evaluate 𝜂ሺ଴,଴ሻ and 𝑣ሺ଴,଴ሻ, consider 
the definition of the wall-normal vorticity and the continuity equation, i.e. 
𝑖𝑚𝛽𝑢ሺ௡,௠ሻ െ 𝑖𝑛𝛼𝑤ሺ௡,௠ሻ ൌ 𝜂ሺ௡,௠ሻ, 𝑖𝑛𝛼𝑢ሺ௡,௠ሻ ൅ 𝐷𝑣ሺ௡,௠ሻ ൅ 𝑖𝑚𝛽𝑤ሺ௡,௠ሻ ൌ 0 (3.23a, b)    
which results in  𝜂ሺ଴,଴ሻ ൌ 0 and 𝐷𝑣ሺ଴,଴ሻ ൌ 0.  
Meanwhile, the flow rate in the transverse direction can be expressed as 
  𝑄௬ ൌ  ׬ ׬ 𝑣ଵሺ𝑥, 𝑦, 𝑧ሻ𝑑𝑥𝑑𝑧 ൌଶగ ఈ⁄଴ ׬ ׬ ∑ ∑ 𝑣ሺ௡,௠ሻሺ𝑦ሻ𝑒௜ሺ௡ఈ௫ା௠ఉ௭ሻ𝑑𝑥𝑑𝑧௠ୀஶ௠ୀିஶ௡ୀஶ௡ୀିஶ
ଶగ ఈ⁄
଴
ଶగ ఉ⁄
଴
ଶగ ఉ⁄
଴    
        ൌ ଶగఉ ׬ ൣ∑ 𝑣ሺ௡,଴ሻሺ𝑦ሻ𝑒௜௡ఈ௫𝑑𝑥௡ୀஶ௡ୀିஶ ൧ ൅
ଶగ ఈ⁄
଴
             ׬ ൤∑ ∑ ଵ௜௠ఉ 𝑣ሺ௡,௠ሻሺ𝑦ሻ௠ୀஶ௠ୀିஶ௠ஷ଴
௡ୀஶ௡ୀିஶ 𝑒௜௡ఈ௫൫𝑒௜ଶగ௠ െ 1൯൨ 𝑑𝑥ଶగ ఈ⁄଴   
        ൌ ସగమఈఉ 𝑣ሺ଴,଴ሻሺ𝑦ሻ ൅
ଶగ
ఉ ∑
ଵ
௜௡ఈ
௡ୀஶ௡ୀିஶ௡ஷ଴
𝑣ሺ௡,଴ሻሺ𝑦ሻ൫𝑒௜ଶగ௡ െ 1൯ ൌ ସగమఈఉ 𝑣ሺ଴,଴ሻ ൌ 0 (3.24) 
resulting in 𝑣ሺ଴,଴ሻ ൌ 0.  
To determine 𝑢ሺ଴,଴ሻ and 𝑤ሺ଴,଴ሻ, substitute Eq. (3.18b) - (3.18d) into Eq. (2.12b) and Eq. 
(2.12d), and extract mode ሺ𝑛, 𝑚ሻ ൌ ሺ0,0ሻ to arrive at 
ଵ
ோ௘ 𝐷ଶ𝑢ሺ଴,଴ሻ ൌ 𝐴 ൅ 𝐷〈𝑢ଵ𝑣ଵ〉ሺ଴,଴ሻ,  
ଵ
ோ௘ 𝐷ଶ𝑤ሺ଴,଴ሻ ൌ 𝐵 ൅ 𝐷〈𝑣ଵ𝑤ଵ 〉ሺ଴,଴ሻ. (3.25a, b) 
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The above system is fourth-order, requires four boundary conditions and involves two 
unknowns, i.e. A and B. The numerical implementation will be discussed later in the text. 
In order to solve the modal equations (3.20) and (3.25), we express the modal functions in 
terms of the Chebyshev expansions of the form 
 ൣ𝜂ሺ௡,௠ሻ, 𝑢ሺ௡,௠ሻ, 𝑣ሺ௡,௠ሻ, 𝑤ሺ௡,௠ሻ൧ሺ𝑦ොሻ ൎ ∑ ቂ𝜂௞ሺ௡,௠ሻ, 𝑢௞ሺ௡,௠ሻ, 𝑣௞ሺ௡,௠ሻ, 𝑤௞ሺ௡,௠ሻቃ 𝑇௞ሺ𝑦ොሻ௞ୀே೅ିଵ௞ୀ଴ , (3.26) 
ൣ〈𝑢ଵ𝑢ଵ〉ሺ௡,௠ሻ, 〈𝑢ଵ𝑣ଵ〉ሺ௡,௠ሻ, 〈𝑢ଵ𝑤ଵ〉ሺ௡,௠ሻ, 〈𝑣ଵ𝑣ଵ〉ሺ௡,௠ሻ, 〈𝑣ଵ𝑤ଵ〉ሺ௡,௠ሻ, 〈𝑤ଵ𝑤ଵ〉ሺ௡,௠ሻ൧ሺ𝑦ොሻ  
ൎ ∑ ൣሺ𝐺௨௨ሻ௞ሺ௡,௠ሻ, ሺ𝐺௨௩ሻ௞ሺ௡,௠ሻ, ሺ𝐺௨௪ሻ௞ሺ௡,௠ሻ, ሺ𝐺௩௩ሻ௞ሺ௡,௠ሻ, ሺ𝐺௩௪ሻ௞ሺ௡,௠ሻ, ሺ𝐺௪௪ሻ௞ሺ௡,௠ሻ൧𝑇௞ሺ𝑦ොሻ௞ୀே೅ିଵ௞ୀ଴  (3.27) 
where 𝜂௞ሺ௡,௠ሻ, 𝑢௞ሺ௡,௠ሻ, 𝑣௞ሺ௡,௠ሻ, 𝑤௞ሺ௡,௠ሻ  are the Chebyshev expansion coefficients for the 
modal functions of 𝜂ሺ௡,௠ሻ, 𝑢ሺ௡,௠ሻ, 𝑣ሺ௡,௠ሻ, 𝑤ሺ௡,௠ሻ , and ൫𝐺௫௬൯௞
ሺ௡ሻ  are the Chebyshev 
expansion coefficients of the relevant products. In the above, 𝑇௞ denotes the Chebyshev 
polynomial of the first kind of order k and 𝑁் is the number of Chebyshev polynomials 
retained in the solution.  
Substitutions of Eq. (3.26) and Eq. (3.27) into Eq. (3.20) provide the following expressions 
for the residua 𝑅𝑒𝑠ሺ𝑦ොሻଵand 𝑅𝑒𝑠ሺ𝑦ොሻଶ 
∑ ቂ ଵோ௘ 𝐷ସ𝑇௞ െ
ଶ௞೙೘మ
ோ௘  𝐷ଶ𝑇௞ ൅
௞೙೘ర
ோ௘  𝑇௞ െ 𝑖𝑛𝛼𝑢଴𝐷ଶ𝑇௞ ൅ 𝑖𝑛𝛼𝑘௡௠ଶ 𝑢଴𝑇௞ ൅ 𝑖𝑛𝛼ሺ𝐷ଶ𝑢଴ሻ𝑇௞ቃ 𝑣௞
ሺ௡,௠ሻ ൅௞ୀே೅ିଵ௞ୀ଴
𝑁𝑣ሺ𝑛,𝑚ሻ ൌ 𝑅𝑒𝑠ሺ𝑦ොሻଵ, (3.28a)          
 ∑ ቂቀ ଵோ௘ 𝐷ଶ𝑇௞ െ
௞೙೘మ
ோ௘ 𝑇௞ െ 𝑖𝑛𝛼𝑢଴𝑇௞ቁ 𝜂௞
ሺ௡,௠ሻ െ 𝑖𝑚𝛽𝐷𝑢଴𝑇௞𝑣௞ሺ௡,௠ሻቃ ൅ 𝑁ఎሺ௡,௠ሻ௞ୀே೅ିଵ௞ୀ଴ ൌ 𝑅𝑒𝑠ሺ𝑦ොሻଶ (3.28b) 
where the modal functions for the nonlinear terms are represented as Chebyshev 
expansions of the form 
𝑁௩ሺ௡,௠ሻ ൌ ∑ ቄቂ𝑖𝑛𝛼ሺ𝐺௨௩ሻ௞ሺ௡,௠ሻ ൅ 𝑖𝑚𝛽ሺ𝐺௩௪ሻ௞ሺ௡,௠ሻቃ௞ୀே೅ିଵ௞ୀ଴ 𝐷ଶ𝑇௞ െ ቂ𝑛ଶ𝛼ଶሺ𝐺௨௨ሻ௞ሺ௡,௠ሻ  
                  ൅ 2𝑛𝑚𝛼𝛽ሺ𝐺௨௪ሻ௞ሺ௡,௠ሻ ൅ 𝑚ଶ𝛽ଶሺ𝐺௪௪ሻ௞ሺ௡,௠ሻ െ 𝑘௡௠ଶ ሺ𝐺௩௩ሻ௞ሺ௡,௠ሻቃ 𝐷𝑇௞  
                 ൅ ቂ𝑖𝑛𝛼𝑘௡௠ଶ ሺ𝐺௨௩ሻ௞ሺ௡,௠ሻ ൅ 𝑖𝑚𝛽𝑘௡௠ଶ ሺ𝐺௩௪ሻ௞ሺ௡,௠ሻቃ 𝑇௞ቅ, (3.29a) 
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𝑁ఎሺ௡,௠ሻ ൌ ∑ ቄቂെ𝑖𝑛𝛼ሺ𝐺௩௪ሻ௞ሺ௡,௠ሻ ൅ 𝑖𝑚𝛽ሺ𝐺௨௩ሻ௞ሺ௡,௠ሻቃ 𝐷𝑇௞ ൅ ቂሺ𝑛ଶ𝛼ଶ െ 𝑚ଶ𝛽ଶሻሺ𝐺௨௪ሻ௞ሺ௡,௠ሻ ൅௞ୀே೅ିଵ௞ୀ଴
                    𝑛𝑚𝛼𝛽ሺ𝐺௪௪ሻ௞ሺ௡,௠ሻ ൅ 𝑛𝑚𝛼𝛽ሺ𝐺௨௩ሻ௞ሺ௡,௠ሻቃ 𝑇௞ቅ. (3.29b) 
The algebraic equations for the Chebyshev expansion coefficients are constructed using 
the Galerkin projection method which involves setting projections of the residua onto the 
base functions to zero. This leads to 𝑁் equations for each Fourier mode. The projections 
are expressed in terms of the inner product defined as 〈𝑅𝑒𝑠𝑖𝑑𝑢𝑒ሺ𝑦ොሻ, 𝑇௝ሺ𝑦ොሻ〉 ൌ
׬ 𝑅𝑒𝑠𝑖𝑑𝑢𝑒ሺ𝑦ොሻ 𝑇௝ሺ𝑦ොሻ௬ොୀଵ௬ොୀିଵ ሺ1 െ 𝑦ොଶሻି
భ
మ 𝑑𝑦ො , and can be written explicitly in the following 
form  
∑ ቂ 1𝑅𝑒 〈𝑇𝑗, 𝐷4𝑇𝑘〉 െ
2𝑘𝑛𝑚2
𝑅𝑒 〈𝑇𝑗, 𝐷2𝑇𝑘〉
௞ୀே೅ିଵ௞ୀ଴ ൅ 𝑘𝑛𝑚
4
𝑅𝑒 〈𝑇𝑗, 𝑇𝑘〉 െ 𝑖𝑛𝛼〈𝑇𝑗,𝑢0𝐷2𝑇𝑘〉 ൅ 𝑖𝑛𝛼𝑘𝑛𝑚2 〈𝑇𝑗, 𝑢0𝑇𝑘〉  
     ൅𝑖𝑛𝛼〈𝑇𝑗, 𝐷2𝑢0𝑇𝑘〉൧𝑣𝑘ሺ𝑛,𝑚ሻ ൌ ∑ ቄቂെ𝑖𝑛𝛼ሺ𝐺𝑢𝑣ሻ𝑘ሺ𝑛,𝑚ሻ െ 𝑖𝑚𝛽ሺ𝐺𝑣𝑤ሻ𝑘ሺ𝑛,𝑚ሻቃ 〈𝑇𝑗, 𝐷2𝑇𝑘〉𝑘ൌ𝑁𝑇െ1𝑘ൌ0   
     ൅ൣ𝑛ଶ𝛼ଶሺ𝐺௨௨ሻ௞ሺ௡,௠ሻ ൅ 2𝑛𝑚𝛼𝛽ሺ𝐺௨௪ሻ௞ሺ௡,௠ሻ ൅ 𝑚ଶ𝛽ଶሺ𝐺௪௪ሻ௞ሺ௡,௠ሻ െ 𝑘௡௠ଶ ሺ𝐺௩௩ሻ௞ሺ௡,௠ሻ൧〈𝑇௝, 𝐷𝑇௞〉  
     ൅ ቂെ𝑖𝑛𝛼𝑘𝑛𝑚2 ሺ𝐺𝑢𝑣ሻ𝑘ሺ𝑛,𝑚ሻ െ 𝑖𝑚𝛽𝑘𝑛𝑚2 ሺ𝐺𝑣𝑤ሻ𝑘ሺ𝑛,𝑚ሻቃ 〈𝑇𝑗, 𝑇𝑘〉ቅ,   0 ൑ 𝑗 ൑ 𝑁் െ 5, (3.30a) 
 
∑ ቂቀ ଵோ௘ 〈𝑇௝, 𝐷ଶ𝑇௞〉 െ
௞೙೘మ
ோ௘ 〈𝑇௝, 𝑇௞〉 െ 𝑖𝑛𝛼〈𝑇௝, 𝑢଴𝑇௞〉ቁ 𝜂௞
ሺ௡,௠ሻ െ 𝑖𝑚𝛽〈𝑇௝, 𝐷𝑢଴𝑇௞〉𝑣௞ሺ௡,௠ሻቃ௞ୀே೅ିଵ௞ୀ଴ ൌ  
       ∑ ቄቂെ𝑖𝑛𝛼ሺ𝐺௩௪ሻ௞ሺ௡,௠ሻ ൅ 𝑖𝑚𝛽ሺ𝐺௨௩ሻ௞ሺ௡,௠ሻቃ 〈𝑇௝, 𝐷𝑇௞〉 ൅ ቂሺ𝑛ଶ𝛼ଶ െ 𝑚ଶ𝛽ଶሻሺ𝐺௨௪ሻ௞ሺ௡,௠ሻ௞ୀே೅ିଵ௞ୀ଴   
       ൅ 𝑛𝑚𝛼𝛽ሺ𝐺௪௪ሻ௞ሺ௡,௠ሻ𝑛𝑚𝛼𝛽ሺ𝐺௨௩ሻ௞ሺ௡,௠ሻቃ 〈𝑇௝, 𝑇௞〉ቅ, 0 ൑ 𝑗 ൑ 𝑁் െ 3 (3.30b) 
where െ𝑁ெ ൑ 𝑛 ൑ 𝑁ெ, െ𝑀ெ ൑ 𝑚 ൑ 𝑀ெ with ሺ𝑛, 𝑚ሻ ് ሺ0,0ሻ. Only the leading 𝑁் െ 4 
equations resulting from Eq. (3.30a) and 𝑁் െ 2 of the leading equations resulting from 
Eq. (3.30b) are retained to provide space for implementation of the boundary conditions 
(Tau method).  
Similarly, Eq. (3.25) can be expressed of the form    
ଵ
ோ௘ ∑ 𝑢௞
ሺ଴,଴ሻ〈𝑇௝, 𝐷ଶ𝑇௞〉௞ୀே೅ିଵ௞ୀ଴ ൌ 𝐴〈𝑇௝, 𝑇଴〉 ൅ ∑ ሺ𝐺௨௩ሻ௞ሺ଴,଴ሻ〈𝑇௝, 𝐷𝑇௞〉௞ୀே೅௞ୀ଴ ,      0 ൑ 𝑗 ൑ 𝑁் െ 3, (3.31a) 
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ଵ
ோ௘ ∑ 𝑤௞
ሺ଴,଴ሻ〈𝑇௝, 𝐷ଶ𝑇௞〉௞ୀே೅ିଵ௞ୀ଴ ൌ 𝐵〈𝑇௝, 𝑇଴〉 ൅ ∑ ሺ𝐺௩௪ሻ௞ሺ଴,଴ሻ〈𝑇௝, 𝐷𝑇௞〉௞ୀே೅௞ୀ଴ .     0 ൑ 𝑗 ൑ 𝑁் െ 3 (3.31b) 
where the leading 𝑁் െ 4 equations are retained. The inner products appearing in Eq. 
(3.30) and Eq. (3.31), i.e. 〈𝑇௝, 𝑇௞〉 , 〈𝑇௝, 𝐷𝑇௞〉 , 〈𝑇௝, 𝐷ଶ𝑇௞〉 , 〈𝑇௝, 𝑢଴𝑇௞〉 , 〈𝑇௝, 𝐷𝑢଴𝑇௞〉 , are 
evaluated analytically as explained in Appendix A. 
3.2.2 Discretization of the boundary conditions 
While the boundary shapes in Section 2 are represented by a single Fourier mode in both 
the x- and z-directions, the description of the discretization of boundary conditions is 
generalized to shapes involving an arbitrary number of Fourier modes. Construction of 
constraints at the upper wall is described below while construction for the lower wall can 
be developed following a similar process. Substitution of Eq. (3.18) into Eq. (2.13) leads 
to the modal form of the boundary conditions of the form 
∑ ∑ 𝑢ሺ௡,௠ሻ൫𝑦ො௎ሺ𝑥, 𝑧ሻ൯𝑒௜ሺ௡ఈ௫ା௠ఉ௭ሻ௠ୀெಾ௠ୀିெಾ௡ୀேಾ௡ୀିேಾ ൌ െ𝑢଴ሺ𝑦ො௎ሻ, (3.32a) 
∑ ∑ 𝑣ሺ௡,௠ሻ൫𝑦ො௎ሺ𝑥, 𝑧ሻ൯௠ୀெಾ௠ୀିெಾ 𝑒௜ሺ௡ఈ௫ା௠ఉ௭ሻ௡ୀேಾ௡ୀିேಾ ൌ 0, (3.32b) 
∑ ∑ 𝑤ሺ௡,௠ሻ൫𝑦ො௎ሺ𝑥, 𝑧ሻ൯𝑒௜ሺ௡ఈ௫ା௠ఉ௭ሻ௠ୀெಾ௠ୀିெಾ௡ୀேಾ௡ୀିேಾ ൌ 0. (3.32c) 
Substitution of Eq. (3.22) into Eq. (3.32) leads to expressions involving modal functions 
of 𝜈ଵ and 𝜂ଵ and being of the form    
∑ ∑ ଵ௞೙೘మ ൣ𝑖𝑛𝛼𝐷𝑣
ሺ௡,௠ሻ൫𝑦ො௎ሺ𝑥, 𝑧ሻ൯ െ 𝑖𝑚𝛽𝜂ሺ௡,௠ሻ൫𝑦ො௎ሺ𝑥, 𝑧ሻ൯൧௠ୀெಾ௠ୀିெಾ௡ୀேಾ௡ୀିேಾሺ௡,௠ሻஷሺ଴,଴ሻ
𝑒௜ሺ௡ఈ௫ା௠ఉ௭ሻ ൅
𝑢ሺ଴,଴ሻ൫𝑦ො௎ሺ𝑥, 𝑧ሻ൯ ൌ െ𝑢଴ሺ𝑦ො௎ሺ𝑥, 𝑧ሻሻ, (3.33a) 
∑ ∑ 𝑣ሺ௡,௠ሻ൫𝑦ො௎ሺ𝑥, 𝑧ሻ൯௠ୀெಾ௠ୀିெಾ 𝑒௜ሺ௡ఈ௫ା௠ఉ௭ሻ௡ୀேಾ௡ୀିேಾ ൌ 0, (3.33b) 
∑ ∑ ଵ௞೙೘మ ൣ𝑖𝑚𝛽𝐷𝑣
ሺ௡,௠ሻ൫𝑦ො௎ሺ𝑥, 𝑧ሻ൯ ൅ 𝑖𝑛𝛼𝜂ሺ௡,௠ሻ൫𝑦ො௎ሺ𝑥, 𝑧ሻ൯൧௠ୀெಾ௠ୀିெಾ௡ୀேಾ௡ୀିேಾሺ௡,௠ሻஷሺ଴,଴ሻ
𝑒௜ሺ௡ఈ௫ା௠ఉ௭ሻ ൅
𝑤ሺ0,0ሻ ቀ𝑦ො𝑈ሺ𝑥, 𝑧ሻቁ ൌ 0. (3.33c)  
To develop a numerical implementation of boundary conditions, substitute Eq. (3.26) into 
the above system to arrive at 
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∑ ∑ ଵ௞೙೘మ ൣ𝑖𝑛𝛼 ∑ 𝑣௞
ሺ௡,௠ሻ𝐷𝑇௞൫𝑦ො௎ሺ𝑥, 𝑧ሻ൯௞ୀே೅ିଵ௞ୀ଴ െ௠ୀெಾ௠ୀିெಾ௡ୀேಾ௡ୀିேಾሺ௡,௠ሻஷሺ଴,଴ሻ
𝑖𝑚𝛽 ∑ 𝜂௞ሺ௡,௠ሻ𝑇௞൫𝑦ො௎ሺ𝑥, 𝑧ሻ൯ே೅ିଵ௞ୀ଴ ൧𝑒௜ሺ௡ఈ௫ା௠ఉ௭ሻ ൅ ∑ 𝑢௞ሺ଴,଴ሻ𝑇௞௞ୀே೅ିଵ௞ୀ଴ ൫𝑦ො௎ሺ𝑥, 𝑧ሻ൯ ൌ െ𝑢଴൫𝑦ො௎ሺ𝑥, 𝑧ሻ൯. (3.34) 
It is convenient to express the wall geometries Eq. (3.16) using exponential notation of the 
form  
𝑦ො௅ ൌ ∑ ∑ 𝐴௅ሺ௡,௠ሻ௠ୀ୑ఽ௠ୀି୑ఽ௡ୀ୒ఽ௡ୀି୒ఽ 𝑒௜ሺ௡ఈ௫ା௠ఉ௭ሻ, (3.35a) 
𝑦ො௎ ൌ ∑ ∑ 𝐴௎ሺ௡,௠ሻ௠ୀ୑ఽ௠ୀି୑ఽ௡ୀ୒ఽ௡ୀି୒ఽ 𝑒௜ሺ௡ఈ௫ା௠ఉ௭ሻ (3.35b) 
where 𝑁஺ and 𝑀஺ modes are used in the x- and z-directions to describe the shape of the 
grooved wall. 𝐴௅ሺ௡,௠ሻ and 𝐴௎ሺ௡,௠ሻ are the known expansion coefficients and, in the case of 
geometry defined in Eq. (3.16),  all coefficients are zero except 𝐴௅ሺ଴,଴ሻ ൌ 1 ൅ Γሺെ2 െ 𝑦௧ሻ, 
𝐴௎ሺ଴,଴ሻ ൌ 1 െ Γ𝑦௧ , 𝐴௅ሺଵ,ଵሻ ൌ 𝐴௅ሺିଵ,ଵሻ ൌ 𝐴௅ሺଵ,ିଵሻ ൌ 𝐴௅ሺିଵ,ିଵሻ ൌ 0.25Γ𝑦௕ , 𝐴௎ሺଵ,ଵሻ ൌ 0.25Γ𝑦௧ ∗
𝑒௜ሺఆೣାఆ೥ሻ , 𝐴௎ሺିଵ,ଵሻ ൌ 0.25Γ𝑦௧ ∗ 𝑒௜ሺିఆೣାఆ೥ሻ , 𝐴௎ሺଵ,ିଵሻ ൌ 0.25Γ𝑦௧ ∗ 𝑒௜ሺఆೣିఆ೥ሻ ,  𝐴௅ሺିଵ,ିଵሻ ൌ 0.25Γ𝑦௧ ∗
𝑒ି௜ሺఆೣାఆ೥ሻ. 
Chebyshev polynomials 𝑇௞, their first derivatives 𝐷𝑇௞ and 𝑢଴ at the upper wall represent 
periodic functions which can be expressed in terms of Fourier expansions of the form 
𝑇௞൫𝑦ො௎ሺ𝑥, 𝑧ሻ൯ ൌ ∑ ∑ ሺ𝐶𝑈ሻ௞ሺ௡,௠ሻ𝑒௜ሺ௡ఈ௫ା௠ఉ௭ሻ௠ୀሺே೅ିଵሻൈெಲ௠ୀିሺே೅ିଵሻൈெಲ
௡ୀሺே೅ିଵሻൈேಲ௡ୀିሺே೅ିଵሻൈேಲ , (3.36a) 
𝐷𝑇௞൫𝑦ො௎ሺ𝑥, 𝑧ሻ൯ ൌ ∑ ∑ ሺ𝐸𝑈ሻ௞ሺ௡,௠ሻ𝑒௜ሺ௡ఈ௫ା௠ఉ௭ሻ௠ୀሺே೅ିଵሻൈெಲ௠ୀିሺே೅ିଵሻൈெಲ
௡ୀሺே೅ିଵሻൈேಲ௡ୀିሺே೅ିଵሻൈேಲ , (3.36b) 
𝑢଴൫𝑦ො௎ሺ𝑥, 𝑧ሻ൯ ൌ ∑ ∑ ሺ𝑈଴௎ሻሺ௡,௠ሻ𝑒௜ሺ௡ఈ௫ା௠ఉ௭ሻ௠ୀଶெಲ௠ୀିଶெಲ .௡ୀଶேಲ௡ୀିଶேಲ  (3.36c) 
In the above, ሺ𝐶𝑈ሻ௞ሺ௡,௠ሻ , ሺ𝐸𝑈ሻ௞ሺ௡,௠ሻ,  ሺ𝑈଴௎ሻሺ௡,௠ሻ  are the known Fourier expansion 
coefficients for 𝑇௞ሺ𝑦ො௎ሻ, 𝐷𝑇௞ሺ𝑦ො௎ሻ and 𝑢଴ሺ𝑦ො௎ሻ , respectively. Each Fourier expansion 
involves the Chebyshev polynomial of order ሺ𝑁் െ 1ሻ, thus, these expansions contain 
ሺ𝑁் െ 1ሻ ൈ 𝑁஺ terms in the x-direction, and  ሺ𝑁் െ 1ሻ ൈ 𝑀஺ terms in the z-direction. The 
evaluation of Fourier expansion coefficients relies on the recurrence relations explained in 
Appendix B.  
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Substitution of Eq. (3.36) into Eq. (3.34) and separation of Fourier modes result in Eq. 
(3.37a). Other boundary relations can be expressed using the same manner leading to a set 
of the following relations 
∑ ∑ ∑ ଵ௞೛೜మ ቂ𝑖𝑝𝛼𝑣௞
ሺ௣,௤ሻሺ𝐸𝑈ሻ௞ሺ௡ି௣,௠ି௤ሻ െ 𝑖𝑞𝛽𝜂௞ሺ௣,௤ሻሺ𝐶𝑈ሻ௞ሺ௡ି௣,௠ି௤ሻቃ௞ୀே೅ିଵ௞ୀ଴௤ୀெಾ௤ୀିெಾேಾ௣ୀିேಾሺ௣,௤ሻஷሺ଴,଴ሻ   
                                                                  ൅ ∑ 𝑢௞ሺ଴,଴ሻሺ𝐶𝑈ሻ௞ሺ௡,௠ሻ ൌ െሺ𝑈଴௎ሻሺ௡,௠ሻ௞ୀே೅ିଵ௞ୀ଴ ,  (3.37a) 
∑ ∑ ∑ ଵ௞೛೜మ ቂ𝑖𝑝𝛼𝑣௞
ሺ௣,௤ሻሺ𝐸𝐿ሻ௞ሺ௡ି௣,௠ି௤ሻ െ 𝑖𝑞𝛽𝜂௞ሺ௣,௤ሻሺ𝐶𝐿ሻ௞ሺ௡ି௣,௠ି௤ሻቃ௞ୀே೅ିଵ௞ୀ଴௤ୀெಾ௤ୀିெಾ௣ୀேಾ௣ୀିேಾሺ௣,௤ሻஷሺ଴,଴ሻ   
                                                                   ൅ ∑ 𝑢௞ሺ଴,଴ሻሺ𝐶𝐿ሻ௞ሺ௡,௠ሻ ൌ െሺ𝑈଴௅ሻሺ௡,௠ሻ௞ୀே೅ିଵ௞ୀ଴ , (3.37b) 
∑ ∑ ∑ 𝑣௞ሺ௣,௤ሻሺ𝐶𝑈ሻ௞ሺ௡ି௣,௠ି௤ሻ ൌ 0௞ୀே೅ିଵ௞ୀ଴௤ୀெಾ௤ୀିெಾ௣ୀேಾ௣ୀିேಾ , (3.37c) 
∑ ∑ ∑ 𝑣௞ሺ௣,௤ሻሺ𝐶𝐿ሻ௞ሺ௡ି௣,௠ି௤ሻ ൌ 0௞ୀே೅ିଵ௞ୀ଴௤ୀெಾ௤ୀିெಾ௣ୀேಾ௣ୀିேಾ , (3.37d) 
∑ ∑ ∑ ଵ௞೛೜మ ቂ𝑖𝑝𝛼𝑣௞
ሺ௣,௤ሻሺ𝐸𝑈ሻ௞ሺ௡ି௣,௠ି௤ሻ െ 𝑖𝑞𝛽𝜂௞ሺ௣,௤ሻሺ𝐶𝑈ሻ௞ሺ௡ି௣,௠ି௤ሻቃ௞ୀே೅ିଵ௞ୀ଴௤ୀெಾ௤ୀିெಾ௣ୀேಾ௣ୀିேಾሺ௣,௤ሻஷሺ଴,଴ሻ   
                                                                         ൅ ∑ 𝑤௞ሺ଴,଴ሻሺ𝐶𝑈ሻ௞ሺ௡,௠ሻ ൌ 0௞ୀே೅ିଵ௞ୀ଴ , (3.37e) 
∑ ∑ ∑ ଵ௞೛೜మ ቂ𝑖𝑞𝛽𝑣௞
ሺ௣,௤ሻሺ𝐸𝐿ሻ௞ሺ௡ି௣,௠ି௤ሻ ൅ 𝑖𝑝𝛼𝜂௞ሺ௣,௤ሻሺ𝐶𝐿ሻ௞ሺ௡ି௣,௠ି௤ሻቃ௞ୀே೅ିଵ௞ୀ଴௤ୀெಾ௤ୀିெಾ௣ୀேಾ௣ୀିேಾሺ௣,௤ሻஷሺ଴,଴ሻ   
                                                                         ൅ ∑ 𝑤௞ሺ଴,଴ሻሺ𝐶𝐿ሻ௞ሺ௡,௠ሻ ൌ 0௞ୀே೅ିଵ௞ୀ଴  (3.37f) 
where െ𝑁௎ ൑ 𝑛 ൑ 𝑁௎ , െ𝑀௎ ൑ 𝑚 ൑ 𝑀௎  with 𝑁௎ ൌ ሺ𝑁் െ 1ሻ ൈ 𝑁஺ ൅ 𝑁ெ  and 𝑀௎ ൌ
ሺ𝑁் െ 1ሻ ൈ 𝑀஺ ൅ 𝑀ெ. For mode ሺ𝑛, 𝑚ሻ ൌ ሺ0,0ሻ, the boundary relations come naturally 
from Eq. (3.37a) - (3.37b) and Eq. (3.37e) - (3.37f). 
As each boundary condition provides ሺ2𝑁௎ ൅ 1ሻሺ2𝑀௎ ൅ 1ሻ boundary relations, and the 
number of the modal equations for the field equations is ሺ2𝑁ெ ൅ 1ሻሺ2𝑀ெ ൅ 1ሻ, one can 
retain only the leading ሺ2𝑁ெ ൅ 1ሻሺ2𝑁ெ ൅ 1ሻ of these relations directly. The additional 
relations lead to the over-determined formulation of the same problem.   
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3.2.3 Discretization of the flow-rate constraints 
The flow-rate constraints provide conditions required for the determination of the 
unknowns A and B. The discretization of the flow-rate constraint in the x-direction is 
discussed below as discretization in the z-direction follows the same procedure.  
The flow-rate in the x-direction has the following form  
𝑄௫ሺ𝑥ሻ ൌ ଵଶగ ఉ⁄ ׬ ׬ 𝑢ሺ𝑥, 𝑦, 𝑧ሻ
௬ೆሺ௫,௭ሻ
௬ಽሺ௫,௭ሻ 𝑑𝑦𝑑𝑧
ଶగ ఉ⁄
଴ ൌ
ଵ
ଶగ ఉ⁄ ׬ ׬ 𝑢଴ሺ𝑦ሻ𝑑𝑦𝑑𝑧 ൅
௬ೆሺ௫,௭ሻ
௬ಽሺ௫,௭ሻ
ଶగ ఉ⁄
଴
                  ଵଶగ ఉ⁄ ׬ ׬ 𝑢ଵሺ𝑥, 𝑦, 𝑧ሻ𝑑𝑦𝑑𝑧
௬ೆሺ௫,௭ሻ
௬ಽሺ௫,௭ሻ ൌ
ଵ
ଶగ ఉ⁄ 𝐼௨బሺ𝑥ሻ ൅
ଵ
ଶగ ఉ⁄ 𝐼௨భሺ𝑥ሻ
ଶగ ఉ⁄
଴  (3.38) 
where the integral 𝐼௨బሺ𝑥ሻ involves only the reference flow quantities and can be evaluated 
as follows  
𝐼௨బሺ𝑥ሻ ൌ ׬ 𝑢௢ሺ𝑦ሻ𝑑𝑦𝑑𝑧ଶగ ఉ⁄଴ ൌ ׬ ׬ ሺ1 െ 𝑦ଶሻ𝑑𝑦𝑑𝑧
௬ೆሺ௫,௭ሻ
௬ಽሺ௫,௭ሻ
ଶగ ఉ⁄
଴   
           ൌ ׬ ቂ𝑦௎ሺ𝑥, 𝑧ሻ െ 𝑦௅ሺ𝑥, 𝑧ሻ െ ௬
యೆ ሺ௫,௭ሻି௬ಽయሺ௫,௭ሻ
ଷ ቃ
ଶగ ఉ⁄
଴ 𝑑𝑧.        (3.39)                             
In terms of the new coordinate system (x,𝑦ො,z), 𝐼௨బሺ𝑥ሻ can be written as  
𝐼௨బሺ𝑥ሻ ൌ ׬ ቄെ ௔
య
ଷ ሾ𝑦ො௎ଷሺ𝑥, 𝑧ሻ െ 𝑦ො௅ଷሺ𝑥, 𝑧ሻሿ െ 𝑎ଶ𝑏ሾ𝑦ො௎ଶሺ𝑥, 𝑧ሻ െ 𝑦ො௅ଶሺ𝑥, 𝑧ሻሿ െ 𝑎ሺ𝑏ଶ െ 1ሻሾ𝑦ො௎ሺ𝑥, 𝑧ሻ െ
ଶగ ఉ⁄
଴
                  𝑦ො௅ሺ𝑥, 𝑧ሻሿቅ 𝑑𝑧 (3.40) 
where 
𝑦 ൌ 𝑎𝑦ො ൅ 𝑏, 𝑎 ൌ Гିଵ, 𝑏 ൌ െГିଵ ൅ 1 ൅ 𝑦௧. (3.41) 
𝑦ො,  𝑦ොଶ and 𝑦ොଷ can be expressed using Chebyshev polynomials, i.e. 
𝑦ො ൌ 𝑇ଵሺ𝑦ොሻ,  𝑦ොଶ ൌ ሾ𝑇ଶሺ𝑦ොሻ ൅ 𝑇଴ሺ𝑦ොሻሿ 2⁄ ,  𝑦ොଷ ൌ ሾ𝑇ଷሺ𝑦ොሻ െ 3𝑇ଵሺ𝑦ොሻሿ/4. (3.42)        
Using Eq. (3.36a) and  
׬ 𝑒௜௠ఉ௭𝑑𝑧ଶగ ఉ⁄଴ ൌ ቊ
0,     𝑚 ് 0
ଶగ
ఉ ,    𝑚 ൌ 0    (3.43) 
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leads to the final expression for 𝐼௨బሺ𝑥ሻ of the form  
𝐼௨బሺ𝑥ሻ ൌ  ଶగఉ ∑ ቄെ
௔య
ଵଶ ቂሺ𝐶𝑈ሻଷ
ሺ௡,଴ሻ െ ሺ𝐶𝐿ሻଷሺ௡,଴ሻቃ௡ୀேௌ௡ୀିேௌ െ ௔
మ௕
ଶ  ቂሺ𝐶𝑈ሻଶ
ሺ௡,଴ሻ െ ሺ𝐶𝐿ሻଶሺ௡,଴ሻቃ ൅ ቀെ ୟ
య
ସ െ
               𝑎ሺ𝑏ଶ െ 1ሻቁ ቂሺ𝐶𝑈ሻଵሺ௡,଴ሻ െ ሺ𝐶𝐿ሻଵሺ௡,଴ሻቃ െ ௔
మ௕
ଶ  ቂሺ𝐶𝑈ሻ଴
ሺ௡,଴ሻ െ ሺ𝐶𝐿ሻ଴ሺ௡,଴ሻቃቅ 𝑒௜௡ఈ௫ (3.44) 
where 𝑁𝑆 ൌ ሺ𝑁் െ 1ሻ𝑁஺ and 𝑀𝑆 ൌ ሺ𝑁் െ 1ሻ𝑀஺. 
To discretize the second integral 𝐼௨భሺ𝑥ሻ, we utilize the discretized form of 𝑢ଵ and express 
its modal functions in terms of the wall-normal velocity and vorticity for all modes except 
mode (0,0) to arrive at                               
𝐼௨భሺ𝑥ሻ ൌ ׬ ׬ 𝑢ଵሺ𝑥, 𝑦, 𝑧ሻ𝑑𝑦𝑑𝑧௬ೆሺ௫,௭ሻ௬ಽሺ௫,௭ሻ ൌ Гିଵ
ଶగ ఉ⁄
଴ ׬ ׬ 𝑢ଵሺ𝑥, 𝑦ො, 𝑧ሻ𝑑𝑦ො𝑑𝑧
௬ොೆሺ௫,௭ሻ
௬ොಽሺ௫,௭ሻ
ଶగ ఉ⁄
଴   
      ൌ Гିଵ ׬ ׬ ∑ 𝑢௞ሺ଴,଴ሻ𝑇௞ሺ𝑦ොሻ𝑑𝑦ො𝑑𝑧௞ୀே೅ିଵ௞ୀ଴௬ොೆሺ௫,௭ሻ௬ොಽሺ௫,௭ሻ
ଶగ ఉ⁄
଴   
         ൅Гିଵ ׬ ׬ ∑ ∑ ∑ ଵ௞೙೘మ ቂ𝑖𝑛𝛼𝑣௞
ሺ௡,௠ሻ𝐷𝑇௞ሺ𝑦ොሻ െ௞ୀே೅ିଵ௞ୀ଴௠ୀெಾ௠ୀିெಾ௡ୀேಾ௡ୀିேಾሺ௡,௠ሻஷሺ଴,଴ሻ
௬ොೆሺ௫,௭ሻ
௬ොಽሺ௫,௭ሻ
ଶగ ఉ⁄
଴
                𝑖𝑚𝛽𝜂௞ሺ௡,௠ሻ𝑇௞ሺ𝑦ොሻቃ 𝑒௜ሺ௡ఈ௫ା௠ఉ௭ሻ𝑑𝑦ො𝑑𝑧  
      ൌ Гିଵ ∑ ቄ𝑢௞ሺ଴,଴ሻ ׬ 𝐼௞ሺ𝑥, 𝑧ሻ𝑑𝑧ଶగ ఉ⁄଴ ቅ௞ୀே೅ିଵ௞ୀ଴  
        ൅Гିଵ ∑ ∑ ∑ ቄ ଵ௞೙೘మ 𝑖𝑛𝛼𝑣௞
ሺ௡,௠ሻ𝑒௜௡ఈ௫ ׬ 𝐽௞ሺ𝑥, 𝑧ሻଶగ ఉ⁄଴ 𝑒௜௠ఉ௭𝑑𝑧ቅ௞ୀே೅ିଵ௞ୀ଴௠ୀெಾ௠ୀିெಾ௡ୀேಾ௡ୀିேಾሺ௡,௠ሻஷሺ଴,଴ሻ   
         െГିଵ ∑ ∑ ∑ ቄ ଵ௞೙೘మ 𝑖𝑚𝛽𝜂௞
ሺ௡,௠ሻ𝑒௜௡ఈ௫ ׬ 𝐼௞ሺ𝑥, 𝑧ሻଶగ ఉ⁄଴ 𝑒௜௠ఉ௭𝑑𝑧ቅୀே೅ିଵ௞ୀ଴௠ୀெಾ௠ୀିெಾ௡ୀேಾ௡ୀିேಾሺ௡,௠ሻஷሺ଴,଴ሻ (3.45) 
 
where 
𝐼௞ሺ𝑥, 𝑧ሻ ൌ ׬ 𝑇௞ሺ𝑦ොሻ𝑑𝑦ො௬ොೆሺ௫,௭ሻ௬ොಽሺ௫,௭ሻ ,   𝐽௞ሺ𝑥, 𝑧ሻ ൌ ׬ 𝐷𝑇௞ሺ𝑦ොሻ𝑑𝑦ො
௬ොೆሺ௫,௭ሻ
௬ොಽሺ௫,௭ሻ ൌ 𝑇௞ሺ𝑦ො௎ሻ െ 𝑇௞ሺ𝑦ො௅ሻ. (3.46a, b)  
The analytical evaluation of 𝐼௞ሺ𝑥, 𝑧ሻ is explained in Appendix A.  
Functions represented by values of the Chebyshev polynomials evaluated at the upper wall 
are periodic as the geometry is periodic and, thus, 𝐼௞ሺ𝑥, 𝑧ሻ and 𝐽௞ሺ𝑥, 𝑧ሻ can be expressed in 
terms of Fourier expansions as follows  
𝐼௞ሺ𝑥, 𝑧ሻ ൌ ∑ ∑ 𝐼௞ሺ௡,௠ሻ𝑒௜ሺ௡ఈ௫ା௠ఉ௭ሻ௠ୀெௌ௠ୀିெௌ௡ୀேௌ௡ୀିேௌ , (3.47a) 
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𝐽௞ሺ𝑥, 𝑧ሻ ൌ ∑ ∑ 𝐽௞ሺ௡,௠ሻ𝑒௜ሺ௡ఈ௫ା௠ఉ௭ሻ௠ୀெௌ௠ୀିெௌ௡ୀேௌ௡ୀேௌ , (3.47b) 
and with the help of Eq. (3.36a), we shall have 
𝐼଴ሺ௡,௠ሻ ൌ ሺ𝐶𝑈ሻଵሺ௡,௠ሻ െ ሺ𝐶𝐿ሻଵሺ௡,௠ሻ, 𝐼ଵሺ௡,௠ሻ ൌ ଵସ ቂሺ𝐶𝑈ሻଶ
ሺ௡,௠ሻ െ ሺ𝐶𝐿ሻଶሺ௡,௠ሻቃ, (3.48a)                             
𝐼௞ሺ௡,௠ሻ ൌ ଵଶ ൤
ሺ஼௎ሻೖశభሺ೙,೘ሻିሺ஼௅ሻೖశభሺ೙,೘ሻ
௞ାଵ െ
ሺ஼௎ሻೖషభሺ೙,೘ሻିሺ஼௅ሻೖషభሺ೙,೘ሻ
௞ିଵ ൨,       𝑘 ൐ 1   (3.48b)                             
𝐽௞ሺ௡,௠ሻ ൌ ሺ𝐶𝑈ሻ௞ሺ௡,௠ሻ െ ሺ𝐶𝐿ሻ௞ሺ௡,௠ሻ.   (3.48c)                             
Substitution of Eq. (3.47) into Eq. (3.45) and use of                                                                                      
׬ 𝑒௜ሺ௤ା௠ሻఉ௭𝑑𝑧ଶగ ఉ⁄଴ ൌ ቊ
0,     𝑞 ് െ𝑚
ଶగ
ఉ ,    𝑞 ൌ െ𝑚   
, (3.49) 
result in the expression for 𝐼௨భ of the form  
 𝐼௨భሺ𝑥ሻ ൌ ଶగГఉ ቄ∑ ∑ 𝑢௞
ሺ଴,଴ሻ௞ୀே೅ିଵ௞ୀ଴
௣ୀேௌ
௣ୀିேௌ 𝐼௞ሺ௣,଴ሻ𝑒௜௣ఈ௫ 
 ൅ ∑ ∑ ∑ ∑ ௜௡ఈ௩ೖ
ሺ೙,೘ሻ௃ೖሺ೛,ష೘ሻି௜௠ఉఎೖሺ೙,೘ሻூೖሺ೛,ష೘ሻ
௞೙೘మ
୩ୀஶ௞ୀ଴
௣ୀேௌ
௣ୀିேௌ
௠ୀெಾ௠ୀିெಾ
௡ୀேಾ௡ୀିேಾ
ሺ௡,௠ሻஷሺ଴,଴ሻ
𝑒௜ሺ௡ା௣ሻఈ௫ൟ. (3.50) 
Re-naming the indices results in 
𝐼௨భሺ𝑥ሻ ൌ ଶగГఉ ቄ∑ ∑ 𝑢௞
ሺ଴,଴ሻ௞ୀே೅ିଵ௞ୀ଴௡ୀேௌ௡ୀିேௌ 𝐼௞ሺ௡,଴ሻ𝑒௜௡ఈ௫  
          ൅ ∑ ∑ ∑ ∑ ௜௣ఈ௩ೖ
ሺ೛,೘ሻ௃ೖሺ೙ష೛,ష೘ሻି௜௠ఉఎೖሺ೛,೘ሻூೖሺ೙ష೛,ష೘ሻ
௞೛೘మ
௞ୀே೅ିଵ௞ୀ଴
௡ୀேொ
௡ୀିேொ
௠ୀெಾ௠ୀିெಾ
௣ୀேಾ௣ୀିேಾ
ሺ௣,௠ሻஷሺ଴,଴ሻ
𝑒௜௡ఈ௫ൟ (3.51) 
where 𝑁𝑄 ൌ 𝑁𝑆 ൅ 𝑁ெ.  
Substitute Eq. (3.44) and Eq. (3.51) into Eq. (3.38) and replace the index m with q to arrive 
at the discretized form of the flow-rate in the x-direction of the form   
 𝑄௫ሺ𝑥ሻ ൌ ቀଶగఉ ቁ ∑ ሼെ௡ୀேௌ௡ୀିேௌ
௔య
ଵଶ ቂሺ𝐶𝑈ሻଷ
ሺ௡,଴ሻ െ ሺ𝐶𝐿ሻଷሺ௡,଴ሻቃ െ ௔
మ௕
ଶ ቂሺ𝐶𝑈ሻଶ
ሺ௡,଴ሻ െ ሺ𝐶𝐿ሻଶሺ௡,଴ሻቃ      
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              ൅ ቂെ ௔యସ െ 𝑎ሺ𝑏ଶ െ 1ሻቃ ቂሺ𝐶𝑈ሻଵ
ሺ௡,଴ሻ െ ሺ𝐶𝐿ሻଵሺ௡,଴ሻቃ െ ௔
మ௕
ଶ  ቂሺ𝐶𝑈ሻ଴
ሺ௡,଴ሻ െ ሺ𝐶𝐿ሻ଴ሺ௡,଴ሻቃቅ 𝑒௜௡ఈ௫ 
              ൅ ଶГఉ ቄ∑ ∑ 𝑢௞
ሺ଴,଴ሻ௞ୀே೅ିଵ௞ୀ଴௡ୀேௌ௡ୀିேௌ 𝐼௞ሺ௡,଴ሻ𝑒௜௡ఈ௫                             
              ൅ ∑ ∑ ∑ ∑ ௜௣ఈ௩ೖ
ሺ೛,೜ሻ௃ೖሺ೙ష೛,ష೜ሻି௜௠ఉఎೖሺ೛,೜ሻூೖሺ೙ష೛,ష೜ሻ
௞೛೜మ
௞ୀே೅ିଵ௞ୀ଴
௡ୀேொ
௡ୀିேொ
௤ୀெಾ௤ୀିெಾ
௣ୀேಾ௣ୀିேಾ
ሺ௣,௤ሻஷሺ଴,଴ሻ
𝑒௜௡ఈ௫ൟ. (3.52) 
The above relation demonstrates that the flow-rate is a periodic function of x and, therefore, 
it can be written as a Fourier expansion of the form 
𝑄௫ሺ𝑥ሻ ൌ ∑ 𝑄௫ሺ௡ሻ௡ୀାஶ௡ୀିஶ 𝑒௜௡ఈ௫ (3.53) 
where mode zero represents the mean flow-rate, which is prescribed as 𝑄௫ሺ଴ሻ ൌ ସଷ. 
Extracting mode zero from Eq. (3.52) results in the final form of the flow-rate constraint 
in the x-direction, i.e.  
ଵ
Γ∑ ∑ ∑
௜௣ఈ௩ೖሺ೛,೜ሻ௃ೖሺష೛,ష೜ሻି௜௤ఉఎೖሺ೛,೜ሻூೖሺష೛,ష೜ሻ
௞೛೜మ
௞ୀே೅ିଵ௞ୀ଴
௤ୀெಾ௤ୀିெಾ
௣ୀேಾ௣ୀିேಾ
ሺ௣,௤ሻஷሺ଴,଴ሻ
൅  ଵ୻ ∑ 𝑢௞
ሺ଴,଴ሻ𝐼௞ሺ଴,଴ሻ௞ୀே೅ିଵ௞ୀ଴   
  ൅ ቄെ ௔యଵଶ ቂሺ𝐶𝑈ሻଷ
ሺ଴,଴ሻ െ ሺ𝐶𝐿ሻଷሺ଴,଴ሻቃ െ ௔
మ௕
ଶ ቂሺ𝐶𝑈ሻଶ
ሺ଴,଴ሻ െ ሺ𝐶𝐿ሻଶሺ଴,଴ሻቃ 
  ൅ ቂെ ୟయସ െ 𝑎ሺ𝑏ଶ െ 1ሻቃ ቂሺ𝐶𝑈ሻଵ
ሺ଴,଴ሻ െ ሺ𝐶𝐿ሻଵሺ଴,଴ሻቃ െ ௔
మ௕
ଶ ቂሺ𝐶𝑈ሻ଴
ሺ଴,଴ሻ െ ሺ𝐶𝐿ሻ଴ሺ଴,଴ሻቃቅ ൌ 4/3. (3.54)  
The flow-rate constraint in the z-direction can be discretized in a similar manner resulting 
in the following expression 
ଵ
୻ ∑ ∑ ∑
௜௤ఉ௩ೖሺ೛,೜ሻ௃ೖሺష೛,ష೜ሻା௜௣ఈఎೖሺ೛,೜ሻூೖሺష೛,ష೜ሻ
௞೛೜మ
௞ୀே೅ିଵ௞ୀ଴
௤ୀெಾ௤ୀିெಾ
௣ୀேಾ௣ୀିேಾ
ሺ௣,௤ሻஷሺ଴,଴ሻ
൅  ଵ୻ ∑ 𝑤௞
ሺ଴,଴ሻ𝐼௞ሺ଴,଴ሻ௞ୀே೅ିଵ௞ୀ଴ ൌ 0. (3.55)         
3.3 Solution process 
System Eqs. (3.30) - (3.31) together with boundary relations, Eq. (3.37), and the flow-rate 
constraints, Eqs. (3.54) - (3.55), represents a coupled nonlinear system of algebraic 
equations. We shall solve it using the first-order fixed-point iterative method. The solution 
results in the determination of the Chebyshev expansion coefficients for the wall normal 
velocity, the wall normal vorticity, modes ሺ0,0ሻ for 𝑢ଵ and 𝑤ଵ, and modifications of the 
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mean pressure gradient in the x and z-directions, respectively. The remaining modal 
functions for 𝑢ଵ and 𝑤ଵ are determined using Eq. (3.22).  
The iterative solution method for the above system is described in Section 3.3.1, and the 
method to update the nonlinear terms during iterations is explained in Section 3.3.2. 
Section 3.3.3 describes a specialized and very efficient linear solver used at each iteration 
step.  
3.3.1 Iteration process 
All nonlinear terms are placed at the right-hand side of equations and are treated as known. 
The resulting linear system is solved at each iteration step and its solution is used to 
determine a new approximation of the nonlinear terms. The iteration process can be 
summarized as 
ሼ𝑿ሽ௝ାଵ ൌ ሼ𝑿ሽ௝ ൅ 𝑅𝐹ሾሼ𝑿ሽሺ௖௢௠௣ሻ െ ሼ𝑿ሽ௝ሿ (3.56)  
where 𝑿 denotes the vector of unknowns, the superscript comp identifies the solution 
computed at the new iteration and superscripts 𝑗  and j+1 denote the current and next 
acceptable approximations. The iteration process is controlled using the under-relaxation 
parameter RF. Typically, 𝑅𝐹 ൏ 0.1 is used in the computations.  
The iteration process is stopped when the convergence criterion of the form  
หሾ𝑿ሿሺೖశభሻିሾ𝑿ሿሺೖሻห
หሾ𝑿ሿሺೖశభሻห ൏ 𝐶𝑂𝑁𝑉 (3.57) 
is satisfied with 𝐶𝑂𝑁𝑉 ൌ 10ିହ used in this thesis. หሾ𝑿ሿሺ𝑘൅1ሻ െ ሾ𝑿ሿሺ𝑘ሻห is the 𝐿ଶ norm of the 
difference between the solution vectors computed at two consecutive iterations and 
หሾ𝑿ሿሺ௞ାଵሻห is the 𝐿ଶ norm of the current solution vector.  
3.3.2 Method for updating the nonlinear terms 
The nonlinear terms on the right-hand side of equations are updated using information 
available from the latest iteration. The velocity components 𝑢ଵ, 𝑣ଵ and 𝑤ଵ are evaluated by 
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transferring data onto the physical space using the most recent values of the Chebyshev 
expansion coefficients 𝑣௞ሺ௡,௠ሻ and 𝜂௞ሺ௡,௠ሻ, i.e. 
 𝑢ଵሺ𝑥, 𝑦ො, 𝑧ሻ ൌ ∑ ∑ ∑ ଵ௞೙೘మ ቂ𝑖𝑛𝛼𝑣௞
ሺ௡,௠ሻ𝐷𝑇௞ሺ𝑦ොሻ െ௞ୀே೅ିଵ௞ୀ଴௠ୀାெಾ௠ୀିெಾ௡ୀାேಾ௡ୀିேಾ
𝑖𝑚𝛽𝜂௞ሺ௡,௠ሻ𝑇௞ሺ𝑦ොሻቃ 𝑒ሺ௜௡ఈ௫ା௜௠ఉ௭ሻ , (3.58a) 
𝑣ଵሺ𝑥, 𝑦ො, 𝑧ሻ ൌ ∑ ∑ ∑ 𝑣௞ሺ௡,௠ሻ𝑇௞ሺ𝑦ොሻ𝑒ሺ௜௡ఈ௫ା௜௠ఉ௭ሻ௞ୀே೅ିଵ௞ୀ଴௠ୀାெಾ௠ୀିெಾ௡ୀାேಾ௡ୀିேಾ , (3.58b) 
𝑤ଵሺ𝑥, 𝑦ො, 𝑧ሻ ൌ ∑ ∑ ∑ ଵ௞೙೘మ ቂ𝑖𝑚𝛽𝑣௞
ሺ௡,௠ሻ𝐷𝑇௞ሺ𝑦ොሻ ൅௞ୀே೅ିଵ௞ୀ଴௠ୀାேಾ௠ୀିேಾ௡ୀାேಾ௡ୀିேಾ
                       𝑖𝑛𝛼𝜂௞ሺ௡,௠ሻ𝑇௞ሺ𝑦ොሻቃ 𝑒ሺ௜௡ఈ௫ା௜௠ఉ௭ሻ . (3.58c)  
Their multiplications yield the required velocity products in the physical space, i.e. 
𝑢ଵ𝑢ଵ, 𝑢ଵ𝑣ଵ, 𝑢ଵ𝑤ଵ, etc. These products need to be expressed using Fourier expansions, i.e. 
𝑢ଵ𝑢ଵ ൎ ∑ ∑ 〈𝑢ଵ𝑢ଵ〉ሺ௡,௠ሻ𝑒௜ሺ௡ఈ௫ା௠ఉ௭ሻ௠ୀିெಾ௠ୀିெಾ௡ୀேಾ௡ୀିேಾ . (3.59) 
At each 𝑦ො-location, the velocity products are evaluated at uniformly distributed points 
along the x- and z-directions. In order to control the aliasing error, the grid points along the 
x- and z-directions should follow the 3/2 rule (Canuto et al. 2006), and the last point is 
discarded due to periodicity. The modal functions for the velocity products, i.e. 
〈𝑢ଵ𝑢ଵ〉ሺ௡,௠ሻ , for this 𝑦ො -location are computed using two-dimensional Fast Fourier 
Transform (FFT). Only modes with indices  െ𝑁ெ ൑ 𝑛 ൑ 𝑁ெ  and െ𝑀ெ ൑ 𝑚 ൑ 𝑀ெ  are 
retained. Once the modal functions have been determined, they are expressed as Chebyshev 
expansions, i.e. 
〈𝑢ଵ𝑢ଵ〉ሺ௡,௠ሻሺ𝑦ොሻ ൌ ∑ ሺ𝐺௨௨ሻ௞ሺ௡,௠ሻ𝑇௞ሺ𝑦ොሻ௞ୀே೅ିଵ௞ୀ଴ . (3.60) 
Use of the 𝑁் Chebyshev points along the 𝑦ෝ-direction results in a system of 𝑁் equations 
of the form  
ሾ𝑇௞ሺ𝑦ොሻሿሼሺ𝐺௨௨ሻ௞ሺ௡,௠ሻሽ ൌ ൛〈𝑢ଵ𝑢ଵ〉ሺ௡,௠ሻሺ𝑦ොሻൟ (3.61) 
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which is solved numerically for ሺ𝐺௨௨ሻ௞ሺ௡,௠ሻ. The number of grid points in the 𝑦ෝ-direction 
determines the maximum length of the Chebyshev expansion.  
3.3.3 The specialized direct solver 
The linear system of equation, which has to be solved at each iteration step, can be 
expressed in a matrix notation of the form  
𝑳𝑿 ൌ 𝑹 (3.62) 
where 𝑳 is the coefficient matrix of size 𝑝 ൈ 𝑝 with 𝑝 ൌ ሺ2𝑁ெ ൅ 1ሻሺ2𝑀ெ ൅ 1ሻ2𝑁் ൅ 2. 
𝑿 is the vector of unknowns of size 𝑝 and 𝑹 stands for the 𝑝-dimensional right-hand side 
vector containing nonlinear terms. The computational cost of the solution of this system 
can be significant due to its large size.  
In order to reduce the computation, Sakib et al. (2017) developed a specialized direct 
solver. The first step is to bring entries corresponding to the field equations to the upper 
portion of the coefficient matrix 𝑳  while the boundary relations and the flow-rate 
constraints are placed at the bottom. The second step involves the extraction of the largest 
possible block diagonal matrix from the part of the matrix associated with the field 
equations. To accomplish this, the first four unknowns from each modal velocity equation 
and the first two unknowns from each modal vorticity equation are moved to the end of the 
vector of unknowns. For mode ሺ0,0ሻ, the first two unknowns for 𝑢ሺ଴,଴ሻ  and 𝑤ሺ଴,଴ሻ  are 
moved to the end of the vector of unknowns. Equation (3.62) can now be written in the 
form of  
𝑨𝑿𝟏 ൅ 𝑩𝑿𝟐 ൌ 𝑹𝟏,     𝑪𝑿𝟏 ൅ 𝑫𝑿𝟐 ൌ 𝑹𝟐 (3.63a, b) 
In the above, matrix A is the largest diagonal structure containing the uncoupled blocks 
associated with each Fourier mode and can be inverted block by block. 𝑿𝟏 is the vector 
containing all unknown expansion coefficients of the order higher than three for the 
velocity and higher than one for the vorticity for all Fourier modes except mode ሺ0,0ሻ, and 
contains all unknown expansion coefficients of order higher than one for 𝑢ሺ଴,଴ሻ and 𝑤ሺ଴,଴ሻ. 
The length of 𝑿𝟏  is 𝑆ሺ2𝑁் െ 6ሻ ൅ 2  where 𝑆 ൌ ሺ2𝑁ெ ൅ 1ሻሺ2𝑀ெ ൅ 1ሻ . Vector 𝑿𝟐 
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contains the remaining unknowns with length 6𝑆 . Matrices A, B, C, D have sizes  
ሾ𝑆ሺ2𝑁் െ 6ሻ ൅ 2ሿ ൈ ሾ𝑆ሺ2𝑁் െ 6ሻ ൅ 2ሿ , ሾ𝑆ሺ2𝑁் െ 6ሻ ൅ 2ሿ ൈ ሾ6𝑆ሿ , ሾ6𝑆ሿ ൈ ሾ𝑆ሺ2𝑁் െ
6ሻ ൅ 2ሿand ሾ6𝑆ሿ ൈ ሾ6𝑆ሿ, respectively, while the right hand vectors 𝑹𝟏 and 𝑹𝟐 have lengths 
𝑆ሺ2𝑁் െ 6ሻ ൅ 2 and 6𝑆, respectively. 
Solution of Eq. (3.63) is of the form 
𝑿𝟐 ൌ ൫𝑫 െ 𝑪𝑨ି𝟏𝑩൯ି𝟏൫𝑹𝟐 െ 𝑪𝑨ି𝟏𝑹𝟏൯,  𝑿𝟏 ൌ 𝑨ି𝟏ሺ𝑹𝟏 െ 𝑩𝑿𝟐ሻ. (3.64a, b) 
In order to reduce the computational cost, we compute and save ሺ𝑫 െ 𝑪𝑨ି𝟏𝑩ሻି𝟏, 𝑪𝑨ି𝟏 
and 𝑨ି𝟏𝑩 before initiation of the iteration process. 
The unknowns are expressed in terms of Fourier expansions of the form  
𝐴ሺ𝑥, 𝑦, 𝑧ሻ ൌ ∑ ∑ 𝐴ሺ௡,௠ሻሺ𝑦ሻ𝑒௜ሺ௡ఈ௫ା௠ఉ௭ሻ௠ୀାெಾ௠ୀିெಾ௡ୀାேಾ௡ୀିேಾ  (3.65) 
with coefficients related through the reality conditions 𝐴ሺ௡,௠ሻ ൌ 𝐴ሺି௡,ି௠ሻ∗ , 𝐴ሺ௡,ି௠ሻ ൌ
𝐴ሺି௡,௠ሻ∗ where stars denote the complex conjugates. It is therefore sufficient to solve only 
for the modal function with the positive 𝑛 and 𝑚 indices and the positive 𝑛 and negative 
𝑚 indices. To implement this property, the first step is to separate the unknowns into the 
real and imaginary parts, i.e. ሺ𝜂, 𝑢, 𝑣, 𝑤ሻሺ௡,௠ሻ ൌ ሺ𝜂, 𝑢, 𝑣, 𝑤ሻ௥ሺ௡,௠ሻ ൅ 𝑖ሺ𝜂, 𝑢, 𝑣, 𝑤ሻ௜ሺ௡,௠ሻ , 
where the subscripts 𝑟 and 𝑖 denote the real and imaginary parts, respectively. Then the 
field equations, boundary relations as well as the flow-rate constraints are separated into 
the real and imaginary parts, which result in a system of two real 4th order and two real 2nd 
order equations along with 8 boundary relations and 4 flow-rate constraints for each mode 
except mode ሺ0,0ሻ, while mode ሺ0,0ሻ contains four real 2nd order and 8 real boundary 
relations and 4 real flow-rate constraints. The Fourier mode indices vary from ሺ0, െ𝑀ெሻ 
to ሺ𝑁ெ, 𝑀ெሻ. With the new matrices A, B, C, D, we shall compute the real and imaginary 
parts of the wall-normal velocity and vorticity for all modes except mode (0,0) and for the 
real parts of 𝑢ሺ଴,଴ሻ and 𝑤ሺ଴,଴ሻ. Since the mode ሺ0,0ሻ of 𝑣ଵ is zero, (3.25) demonstrates that 
the imaginary parts of 𝑢ሺ଴,଴ሻ  and 𝑤ሺ଴,଴ሻ  are also zero. This procedure reduces the 
computational time by as much as 40% and the memory requirement by 47% (Sakib et al., 
2017). 
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3.4 Post-processing                
In the post-processing step, the pressure field, the stresses vectors and the total force 
vectors acting on the walls are evaluated. 
3.4.1 Evaluation of the pressure field  
The pressure field can be evaluated using the momentum equations. The x-, y- and z- 
components of momentum equation (2.12) have the following form 
𝑢଴ 𝜕௨భ𝜕𝑥 ൅ 𝑣ଵ
𝜕௨బ
𝜕௬ ൅ ቀ𝑢ଵ
𝜕௨భ
𝜕𝑥 ൅ 𝑣ଵ
𝜕௨భ
𝜕௬ ൅ 𝑤ଵ
𝜕௪భ
𝜕௭ ቁ ൌ െ
𝜕௣భ
𝜕𝑥 ൅
ଵ
ோ௘ ൬
𝜕మ௨భ
𝜕𝑥మ ൅
𝜕మ௨భ
𝜕௬మ ൅
𝜕మ௨భ
𝜕௭మ ൰, (3.66a) 
𝑢଴ డ௩భడ௫ ൅ ቀ𝑢ଵ
𝜕௩భ
𝜕𝑥 ൅ 𝑣ଵ
𝜕௩భ
𝜕௬ ൅ 𝑤ଵ
𝜕௩భ
𝜕௭ ቁ ൌ െ
డ௣భ
డ௬ ൅
ଵ
ோ௘ ൬
𝜕మ௩భ
𝜕𝑥మ ൅
𝜕మ௩భ
𝜕௬మ ൅
𝜕మ௩భ
𝜕௭మ ൰, (3.66b) 
𝑢଴ డ௪భడ௫ ൅ ቀ𝑢ଵ
𝜕௪భ
𝜕𝑥 ൅ 𝑣ଵ
𝜕௪భ
𝜕௬ ൅ 𝑤ଵ
𝜕௪
𝜕௭ ቁ ൌ െ
డ௣భ
డ௭ ൅
ଵ
ோ௘ ൬
𝜕మ௪భ
𝜕𝑥మ ൅
𝜕మ௪భ
𝜕௬మ ൅
𝜕మ௪భ
𝜕௭మ ൰. (3.66c) 
The pressure modification can be expressed in the following form  
𝑝ଵሺ𝑥, 𝑦ො, 𝑧ሻ ൎ 𝐴𝑥 ൅ 𝐵𝑧 ൅ ∑ ∑ 𝑝ሺ௡,௠ሻሺ𝑦ොሻ𝑒௜ሺ௡ఈ௫ା௠ఉ௭ሻ௠ୀାெಾ௠ୀିேಾ௡ୀାேಾ௡ୀିேಾ . (3.67) 
Substitution of the Fourier representation of the velocity components, Eq. (3.18) and the 
pressure, Eq. (3.67), into the momentum equations (3.66) leads to the following 
representations of the pressure modal functions 
𝑝ሺ௡,௠ሻሺ𝑦ොሻ ൌ െ ଵ௜௡ఈ ቂെ
ଵ
ோ௘ ሺ𝐷ଶ െ 𝑘௡௠ଶ ሻ𝑢ሺ௡,௠ሻሺ𝑦ොሻ ൅ 𝑢଴𝑖𝑛𝛼𝑢ሺ௡,௠ሻሺ𝑦ොሻ ൅ 𝐷𝑢଴𝑣ሺ௡,௠ሻሺ𝑦ොሻ ൅
𝑖𝑛𝛼ሺ𝑢ଵ𝑢ଵሻሺ௡,௠ሻሺ𝑦ොሻ ൅ 𝑖𝑚𝛽ሺ𝑢ଵ𝑤ଵሻሺ௡,௠ሻሺ𝑦ොሻ ൅ 𝐷ሺ𝑣ଵ𝑢ଵሻሺ௡,௠ሻሺ𝑦ොሻቃ, (3.68a) 
𝑝ሺ଴,௠ሻሺ𝑦ොሻ ൌ െ ଵ௜௠ఉ ቂെ
ଵ
ோ௘ ሺ𝐷ଶ െ 𝑚ଶ𝛽ଶሻ𝑤ሺ଴,௠ሻሺ𝑦ොሻ ൅ 𝐷ሺ𝑣ଵ𝑤ଵሻሺ଴,௠ሻሺ𝑦ොሻ ൅
𝑖𝑚𝛽ሺ𝑤ଵ𝑤ଵሻሺ଴,௠ሻሺ𝑦ොሻቃ ,     for 𝑛 ൌ 0, (3.68b) 
𝑝ሺ଴,଴ሻሺ𝑦ොሻ ൌ െሺ𝑣ଵ𝑣ଵሻሺ଴,଴ሻሺ𝑦ොሻ ൅ 𝑐ଵ (3.68c) 
where 𝑐ଵ denotes the arbitrary constant. 
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Substitutions of the Chebyshev expansions for the velocity modal functions, Eq. (3.26) and 
the velocity products, Eq. (3.27) into Eq. (3.68), expressing the pressure modal functions 
as Chebyshev expansions of the form 
𝑝ሺ௡,௠ሻሺ𝑦ොሻ ൌ ∑ 𝑝௞ሺ௡,௠ሻ𝑇௞ሺ𝑦ොሻ௞ୀஶ௞ୀ଴  , (3.69) 
and use of the orthogonality property of the Chebyshev polynomials lead to the final 
expressions for the pressure modal functions of the form  
𝑝௝ሺ௡,௠ሻ ൌ െ ଶ௜௖ೕగ௡ఈ ∑ ሼെ
ଵ
ோ௘ 𝑢௞
ሺ௡,௠ሻ〈𝑇௝, 𝐷ଶ𝑇௞〉 ൅ ቂ௞೙೘
మ
ோ௘ 𝑢௞
ሺ௡,௠ሻ ൅ 𝑖𝑛𝛼ሺ𝐺௨௨ሻ௞ሺ௡,௠ሻ ൅௞ୀே೅ିଵ௞ୀ଴
𝑖𝑚𝛽ሺ𝐺௨௪ሻ௞ሺ௡,௠ሻቃ 〈𝑇௝, 𝑇௞〉 ൅ ሺ𝐺௨௩ሻ௞ሺ௡,௠ሻ〈𝑇௝, 𝐷𝑇௞〉 ൅ 𝑖𝑛𝛼𝑢௞ሺ௡,௠ሻ〈𝑇௝, 𝑢଴𝑇௞〉ሽ, (3.70a) 
𝑝௝ሺ଴,௠ሻ ൌ െ ଶ௜௖ೕగ௠ఉ ∑ ቄെ
ଵ
ோ௘ 𝑤௞
ሺ଴,௠ሻ〈𝑇௝, 𝐷ଶ𝑇௞〉 ൅ ቂ௠
మఉమ
ோ௘ 𝑤௞
ሺ଴,௠ሻ ൅ 𝑖𝑚𝛽ሺ𝐺௪௪ሻ௞ሺ଴,௠ሻቃ 〈𝑇௝, 𝑇௞〉 ൅௞ୀே೅ିଵ௞ୀ଴
ሺ𝐺௩௪ሻ௞ሺ଴,௠ሻ〈𝑇௝, 𝐷𝑇௞〉ቅ ,         for 𝑛 ൌ 0, (3.70b) 
𝑝௝ሺ଴,଴ሻ ൌ െ ଶ௖ೕగ ∑ ሺ𝐺௩௩ሻ௞
ሺ଴,଴ሻ〈𝑇௝, 𝑇௞〉௞ୀே೅ିଵ௞ୀ଴ ൅ 𝑐 (3.70c) 
where 𝑐௝ ൌ ൜1 𝑗 ് 02 𝑗 ൌ 0 . 
3.4.2 Evaluation of the stress vector acting on the wall 
We shall now discuss the evaluation of the stress vector and the total force vector acting 
on the fluid at the lower wall as evaluations for the upper wall follows the same path. We 
shall start with evaluating the x-, y- and z- components of the normal unit vector at the 
lower wall 𝒏ሬ⃗𝑳, i.e. 
𝑛௫,௅ ൌ 𝑁௅ 𝜕𝑦ෝ𝐿𝜕𝑥 ,  𝑛௬,௅ ൌ െ𝑁௅,  𝑛௭,௅ ൌ 𝑁௅
𝜕𝑦ෝ𝐿
𝜕𝑧        (3.71) 
where 𝑁௅ ൌ ൜ቀ𝜕௬ොಽ𝜕𝑥 ቁ
ଶ ൅ 1 ൅ ቀడ௬ොಽడ௭ ቁ
ଶൠ
ିଵ/ଶ. 
The partial derivatives in Eq. (3.71) can be expressed for the wall geometry expressed by 
Eq. (3.35) as follows 
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𝜕𝑦ො𝐿
𝜕𝑥 ሺ𝑥, 𝑧ሻ ൌ ∑ ∑ 𝑖𝑛𝛼𝐴𝑈
ሺ𝑛,𝑚ሻmൌ1𝑚ൌെ1𝑛ൌ1𝑛ൌെ1 𝑒𝑖ሺ𝑛𝛼𝑥൅𝑚𝛽𝑧ሻ,    
𝜕𝑦ො𝐿
𝜕𝑧 ሺ𝑥, 𝑧ሻ ൌ ∑ ∑ 𝑖𝑚𝛽𝐴𝑈
ሺ𝑛,𝑚ሻ𝑚ൌ1𝑚ൌെ1𝑛ൌ1𝑛ൌെ1 𝑒𝑖ሺ𝑛𝛼𝑥൅𝑚𝛽𝑧ሻ.  (3.72a, b) 
This leads to the x-, y- and z-components of the normal unit vector of the following form 
𝑛௫,௅ሺ𝑥, 𝑧ሻ ൌ ∑ ∑ 𝑁௅𝑖𝑝𝛼𝐴௅ሺ௡,௠ሻ𝑒௜ሺ௣ఈ௫ା௤ఉ௭ሻ௤ୀெಾ௤ୀିெಾ௣ୀேಾ௣ୀିேಾ ,  
𝑛௭,௅ሺ𝑥, 𝑧ሻ ൌ ∑ ∑ 𝑁௅𝑖𝑞𝛽𝐴௅ሺ௡,௠ሻ𝑒௜ሺ௣ఈ௫ା௤ఉ௭ሻ௤ୀெಾ௤ୀିெಾ௣ୀேಾ௣ୀିேಾ  (3.73a, b) 
where 𝑁௅ is defined as 
 𝑁௅ሺ𝑥, 𝑧ሻ ൌ ൜1 ൅ ቂ∑ ∑ 𝑖𝑞𝛼𝐴௎ሺ௡,௠ሻ௤ୀேಾ௤ୀିேಾ௣ୀேಾ௣ୀିேಾ 𝑒௜ሺ௤ఈ௫ା௣ఉ௭ሻቃ
ଶ ൅
                       ቂ∑ ∑ 𝑖𝑞𝛽𝐴௎ሺ௡,௠ሻ௤ୀேಾ௤ୀିேಾ௣ୀேಾ௣ୀିேಾ 𝑒௜ሺ௣ఈ௫ା௤ఉ௭ሻቃ
ଶൠ
ିభమ. (3.74) 
We shall now evaluate partial derivatives of velocity components required for 
determinations of the shear stress tensor at the lower wall (see Eq. 2.16). The partial 
derivatives of 𝑢ଵ can be expressed as 
డ௨భ
డ௫ ሺ𝑥, 𝑧ሻ ൎ ∑ ∑ 𝑖𝑛𝛼𝑢ሺ௡,௠ሻ𝑒௜ሺ௡ఈ௫ା௠ఉ௭ሻ
௠ୀெಾ௠ୀିெಾ
௡ୀேಾ௡ୀିேಾ , (3.75a) 
డ௨భ
డ௬ොಽ ሺ𝑥, 𝑧ሻ ൎ ∑ ∑ 𝐷𝑢
ሺ௡,௠ሻ𝑒௜ሺ௡ఈ௫ା௠ఉ௭ሻ௠ୀெಾ௠ୀିெಾ௡ୀேಾ௡ୀିேಾ , (3.75b) 
డ௨భ
డ௭ ሺ𝑥, 𝑧ሻ ൎ ∑ ∑ 𝑖𝑚𝛽𝑢ሺ௡,௠ሻ𝑒௜ሺ௡ఈ௫ା௠ఉ௭ሻ
௠ୀெಾ௠ୀିெಾ
௡ୀேಾ௡ୀିேಾ . (3.75c) 
Substitution of the Chebyshev expansions for the velocity modal functions Eq. (3.26) into 
Eqs. (3.75) results in 
డ௨భ
డ௫ ሺ𝑥, 𝑧ሻ ൎ ∑ ∑ ∑ 𝑖𝑛𝛼𝑢௞
ሺ௡,௠ሻ𝑇௞ሺ𝑦ො௅ሻ𝑒௜ሺ௡ఈ௫ା௠ఉ௭ሻ௞ୀே೅ିଵ௞ୀ଴௠ୀெಾ௠ୀିெಾ௡ୀேಾ௡ୀିேಾ , (3.76a) 
డ௨భ
డ௬ොಽ ሺ𝑥, 𝑧ሻ ൎ ∑ ∑ ∑ 𝑢௞
ሺ௡,௠ሻ𝐷𝑇௞ሺ𝑦ො௅ሻ𝑒௜ሺ௡ఈ௫ା௠ఉ௭ሻ௞ୀே೅ିଵ௞ୀ଴௠ୀெಾ௠ୀିெಾ௡ୀேಾ௡ୀିேಾ , (3.76b) 
డ௨భ
డ௭ ሺ𝑥, 𝑧ሻ ൎ ∑ ∑ ∑ 𝑖𝑚𝛽𝑢௞
ሺ௡,௠ሻ𝑇௞ሺ𝑦ො௅ሻ𝑒௜ሺ௡ఈ௫ା௠ఉ௭ሻ௞ୀே೅ିଵ௞ୀ଴௠ୀெಾ௠ୀିெಾ௡ୀேಾ௡ୀିேಾ  (3.76c) 
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while evaluations of the partial derivatives of 𝑣ଵ and 𝑤ଵ follow the same approach. 
Substitution of Eq. (3.74) and Eqs. (3.76) into Eq. (2.19) results in explicit relations suitable 
for evaluations of the x-, y- and z- components of viscous stress vector, i.e.  
𝜎௫௩,௅ሺ𝑥, 𝑧ሻ ൎ ∑ ∑ ∑ ቄ𝑛௫,௅ ቂ ଶோ௘ 𝑖𝑛𝛼𝑢௞
ሺ௡,௠ሻ𝑇௞ሺ𝑦ො௅ሻቃ௞ୀே೅ିଵ௞ୀ଴௠ୀெಾ௠ୀିெಾ௡ୀேಾ௡ୀିேಾ   
    ൅𝑛௬,௅ ቂ ଵோ௘ ൬െ2𝑦 ൅ 𝑢௞
ሺ௡,௠ሻ𝐷𝑇ሺ𝑦ොሻ ൅ 𝑖𝑛𝛼𝑣௞ሺ௡,௠ሻ𝑇௞ሺ𝑦ො௅ሻ൰ቃ  
    ൅𝑛௭,௅ ቂ ଵோ௘ ൬𝑖𝑚𝛽𝑢௞
ሺ௡,௠ሻ𝑇௞ሺ𝑦ො௅ሻ ൅ 𝑖𝑛𝛼𝑤௞ሺ௡,௠ሻ𝑇௞ሺ𝑦ො௅ሻ൰ቃቅ 𝑒௜ሺ௡ఈ௫ା௠ఉ௭ሻ, (3.77a) 
 
𝜎௬௩,௅ሺ𝑥, 𝑧ሻ ൎ ∑ ∑ ∑ ൛𝑛௫,௅௞ୀே೅ିଵ௞ୀ଴௠ୀெಾ௠ୀିெಾ௡ୀேಾ௡ୀିேಾ ቂ
ଵ
ோ௘ ሺെ2𝑦 ൅ 𝑢௞
ሺ௡,௠ሻ𝐷𝑇௞ሺ𝑦ො௅ሻ ൅ 𝑖𝑛𝛼𝑣௞ሺ௡,௠ሻ𝑇௞ሺ𝑦ො௅ሻሻቃ  
    ൅𝑛௬,௅ ቂ ଶோ௘ 𝑢௞
ሺ௡,௠ሻ𝐷𝑇௞ሺ𝑦ො௅ሻቃ ൅ 𝑛௭,௅ ቂ ଵோ௘ ሺ𝑤௞
ሺ௡,௠ሻ𝐷𝑇௞ሺ𝑦ො௅ሻ ൅ 𝑖𝑚𝛽𝑢௞ሺ௡,௠ሻ𝑇௞ሺ𝑦ො௅ሻሻቃቅ 𝑒௜ሺ௡ఈ௫ା௠ఉ௭ሻ,  
 (3.77b) 
𝜎௭௩,௅ሺ𝑥, 𝑧ሻ ൎ ∑ ∑ ∑ ቄ𝑛௫,௅ ቂ ଵோ௘ ሺ𝑖𝑚𝛽𝑢௞
ሺ௡,௠ሻ𝑇௞ሺ𝑦ො௅ሻ ൅ 𝑖𝑛𝛼𝑤௞ሺ௡,௠ሻ𝑇௞ሺ𝑦ො௅ሻሻቃ௞ୀே೅ିଵ௞ୀ଴௠ୀெಾ௠ୀିெಾ௡ୀேಾ௡ୀିேಾ   
        ൅𝑛௬,௅ ቂ ଵோ௘ ൬𝑤௞
ሺ௡,௠ሻ𝐷𝑇ሺ𝑦ොሻ ൅ 𝑖𝑚𝛽𝑣௞ሺ௡,௠ሻ𝑇௞ሺ𝑦ො௅ሻ൰ቃ  
        ൅𝑛௭,௅ ቂ ଶோ௘ ൬𝑖𝑚𝛽𝑤௞
ሺ௡,௠ሻ𝑇௞ሺ𝑦ො௅ሻ൰ቃቅ 𝑒௜ሺ௡ఈ௫ା௠ఉ௭ሻ. (3.77c) 
To evaluate the x-, y- and z- components of the pressure force, substitute the pressure at the 
lower wall Eqs. (3.70) and the normal unit vector Eqs. (3.73) into Eq. (2.20) to obtain  
𝜎௫௣,௅ሺ𝑥, 𝑧ሻ ൎ െ ∑ ∑ ∑ 𝑛௫,௅𝑝ሺ௡,௠ሻሺ𝑦ො௅ሻ𝑒௜ሺ௡ఈ௫ା௠ఉ௭ሻ௞ୀே೅ିଵ௞ୀ଴௠ୀெಾ௠ୀିெಾ௡ୀேಾ௡ୀିேಾ , (3.78a) 
𝜎௬௣,௅ሺ𝑥, 𝑧ሻ ൎ െ ∑ ∑ ∑ 𝑛௬,௅𝑝ሺ௡,௠ሻሺ𝑦ො௅ሻ𝑒௜ሺ௡ఈ௫ା௠ఉ௭ሻ௞ୀே೅ିଵ௞ୀ଴௠ୀெಾ௠ୀିெಾ௡ୀேಾ௡ୀିேಾ , (3.78b) 
𝜎௭௣,௅ሺ𝑥, 𝑧ሻ ൎ െ ∑ ∑ ∑ 𝑛௭,௅𝑝ሺ௡,௠ሻሺ𝑦ො௅ሻ𝑒௜ሺ௡ఈ௫ା௠ఉ௭ሻ௞ୀே೅ିଵ௞ୀ଴௠ୀெಾ௠ୀିெಾ௡ୀேಾ௡ୀିேಾ . (3.78c) 
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The total force vector 𝑭ሬ⃗𝑳  acting on the fluid at the lower wall is determined through 
integration of the stress vector along the wall, i.e. 
𝑭ሬ⃗𝑳 ൌ ∬ 𝝈ሬ⃗𝑳ௌಽ 𝑑𝑆௅ ൌ 𝜆௫ି ଵ𝜆௭ି ଵ ׬ ׬ 𝝈ሬ⃗𝑳ට1 ൅ ቀ
𝜕𝑦𝐿
𝜕𝑥 ቁ
ଶ ൅ ቀ𝜕𝑦𝐿𝜕௭ ቁ
ଶఒ೥
଴ 𝑑𝑥𝑑𝑧
ఒೣ
଴ . (3.79)  
This force can be separated into the shear (viscous) force (Eqs. 2.27) and the pressure force 
(Eqs. 2.28). 
We shall now specialize the above relations for the simple geometry expressed by Eqs. 
(2.2), which, when expressed in the exponential notation, has the following form  
𝑦௅ሺ𝑥, 𝑧ሻ ൌ െ1 ൅ ∑ ∑ 𝐻௅ሺ௡,௠ሻ𝑒௜ሺ௡ఈ௫ା௠ఉ௭ሻ௠ୀଵ௠ୀିଵ୬ୀଵ௡ୀିଵ  (3.80) 
where 
𝐻௅ሺ଴,଴ሻ ൌ 0, 𝐻௅ሺ௡,௠ሻ ൌ 𝐻௅ሺି௡,ି௠ሻ
∗ ൌ 𝐻௅ሺି௡,௠ሻ ൌ 𝐻௅ሺ௡,ି௠ሻ
∗ ൌ 0.25𝑦௕. (3.81) 
The partial derivatives of 𝑦௅ become 
డ௬ಽ
డ௫ ሺ𝑥, 𝑧ሻ ൌ ∑ ∑ 𝑖𝑛𝛼𝐻𝐿
ሺ𝑛,𝑚ሻ𝑒𝑖ሺ𝑛𝛼𝑥൅𝑚𝛽𝑧ሻ𝑚ൌ1𝑚ൌെ1𝑛ൌ1𝑛ൌെ1 , (3.82a) 
డ௬ಽ
డ௭ ሺ𝑥, 𝑧ሻ ൌ ∑ ∑ 𝑖𝑚𝛽𝐻𝐿
ሺ𝑛,𝑚ሻ𝑒𝑖ሺ𝑛𝛼𝑥൅𝑚𝛽𝑧ሻ𝑚ൌ1𝑚ൌെ1𝑛ൌ1𝑛ൌെ1  (3.82b) 
and 
 
ට1 ൅ ቀడ௬ಽడ௫ ቁ
2 ൅ ቀడ௬ಽడ𝑧 ቁ
2 ൌ ൜1 ൅ ቂ∑ ∑ 𝑖𝑛𝛼𝐻𝐿ሺ𝑛,𝑚ሻ𝑚ൌ1𝑚ൌെ1𝑛ൌ1𝑛ൌെ1 𝑒𝑖ሺ𝑛𝛼𝑥൅𝑚𝛽𝑧ሻቃ
2 ൅
ቂ∑ ∑ 𝑖𝑞𝛽𝐻𝐿ሺ𝑛,𝑚ሻ𝑚ൌ1𝑚ൌെ1𝑛ൌ1𝑛ൌെ1 𝑒𝑖ሺ𝑛𝛼𝑥൅𝑚𝛽𝑧ሻቃ
2ൠ
െ12. (3.83) 
Substitution of Eqs. (3.77) and Eq. (3.83) into Eqs. (2.27) result in the x-, y- and z-
components of the shear (viscous) force of the following form  
𝐹௫௩,௅ ൎ 𝜆௫ି ଵ𝜆௭ି ଵ ׬ ׬ ∑ ∑ ∑ ൛𝑛௫,௅௞ୀே೅௞ୀ଴௤ୀெಾ௤ୀିெಾ௣ୀேಾ௣ୀିேಾ
ఒೣ
଴
ఒ೥
଴ ቂ
ଶ
ோ௘ 𝑖𝑝𝛼𝑢௞
ሺ௣,௤ሻ𝑇௞ሺ𝑦ො௅ሻቃ  
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   ൅𝑛௬,௅ ቂ ଵோ௘ ൬െ2𝑦ො௅ ൅ 𝑢௞
ሺ௣,௤ሻ𝐷𝑇ሺ𝑦ොሻ ൅ 𝑖𝑝𝛼𝑣௞ሺ௣,௤ሻ𝑇௞ሺ𝑦ො௅ሻ൰ቃ  
   ൅𝑛௭,௅ ቂ ଵோ௘ ൬𝑖𝑞𝛽𝑢௞
ሺ௣,௤ሻ𝑇௞ሺ𝑦ො௅ሻ ൅ 𝑖𝑝𝛼𝑤௞ሺ௣,௤ሻ𝑇௞ሺ𝑦ො௅ሻ൰ቃቅ ∙ ൜1 ൅ ቂ∑ ∑ 𝑖𝑞𝛼𝐻௅ሺ௡,௠ሻ௤ୀேಾ௤ୀିேಾ௣ୀேಾ௣ୀିேಾ 𝑒௜ሺ௤ఈ௫ା௣ఉ௭ሻቃ
ଶ  
  ൅ ቂ∑ ∑ 𝑖𝑞𝛽𝐻௅ሺ௡,௠ሻ௤ୀேಾ௤ୀିேಾ௣ୀேಾ௣ୀିேಾ 𝑒௜ሺ௣ఈ௫ା௤ఉ௭ሻቃ
ଶൠ
ିభమ 𝑒௜ሺ௣ఈ௫ା௤ఉ௭ሻ𝑑𝑥𝑑𝑧 , (3.84a) 
 
𝐹௬௩,௅ ൎ 𝜆௫ି ଵ𝜆௭ି ଵ ׬ ׬ ∑ ∑ ∑ ቄ𝑛௫,௅ ቂ ଵோ௘ ሺെ2𝑦ො௅ ൅ 𝑢௞
ሺ௣,௤ሻ𝐷𝑇௞ሺ𝑦ො௅ሻ௞ୀே೅ିଵ௞ୀ଴௤ୀேಾ௤ୀିேಾ௣ୀேಾ௣ୀିேಾ
ఒೣ
଴
ఒ೥
଴   
  ൅ 𝑖𝑝𝛼𝑣௞ሺ௣,௤ሻ𝑇௞ሺ𝑦ො௅ሻሻቃ ൅ 𝑛௬,௅ ቂ ଶோ௘ 𝑢௞ሺ௣,௤ሻ𝐷𝑇௞ሺ𝑦ො௅ሻቃ ൅𝑛௭,௅ ቂ
ଵ
ோ௘ ሺ𝑤௞
ሺ௣,௤ሻ𝐷𝑇௞ሺ𝑦ො௅ሻ ൅ 𝑖𝑞𝛽𝑢௞ሺ௣,௤ሻ𝑇௞ሺ𝑦ො௅ሻሻቃቅ ∙  
   ൜1 ൅ ቂ∑ ∑ 𝑖𝑞𝛼𝐻௅ሺ௡,௠ሻ௤ୀேಾ௤ୀିேಾ௣ୀேಾ௣ୀିேಾ 𝑒௜ሺ௤ఈ௫ା௣ఉ௭ሻቃ
ଶ 
   ൅ ቂ∑ ∑ 𝑖𝑞𝛽𝐻௅ሺ௡,௠ሻ௤ୀேಾ௤ୀିேಾ௣ୀேಾ௣ୀିேಾ 𝑒௜ሺ௣ఈ௫ା௤ఉ௭ሻቃ
ଶൠ
ିభమ 𝑒௜ሺ௣ఈ௫ା௤ఉ௭ሻ𝑑𝑥𝑑𝑧 , (3.84b) 
 
𝐹௭௩,௅ ൎ 𝜆௫ି ଵ𝜆௭ି ଵ ׬ ׬ ∑ ∑ ∑ ቄ𝑛௫,௅ ቂ ଵோ௘ ൬𝑖𝑞𝛽𝑢௞
ሺ௣,௤ሻ𝑇௞ሺ𝑦ො௅ሻ ൅ 𝑖𝑝𝛼𝑤௞ሺ௣,௤ሻ𝑇௞ሺ𝑦ො௅ሻ൰ቃ௞ୀே೅ିଵ௞ୀ଴௤ୀேಾ௤ୀିேಾ௣ୀேಾ௣ୀିேಾ
ఒೣ
଴
ఒ೥
଴     
     ൅ 𝑛௬,௅ ቂ ଵோ௘ ൬𝑤௞
ሺ௣,௤ሻ𝐷𝑇ሺ𝑦ොሻ ൅ 𝑖𝑞𝛽𝑣௞ሺ௣,௤ሻ𝑇௞ሺ𝑦ො௅ሻ൰ቃ ൅ 𝑛௭,௅ ቂ ଶோ௘ ൬𝑖𝑞𝛽𝑤௞
ሺ௣,௤ሻ𝑇௞ሺ𝑦ො௅ሻ൰ቃቅ ∙   
     ൜1 ൅ ቂ∑ ∑ 𝑖𝑞𝛼𝐻௅ሺ௡,௠ሻ௤ୀேಾ௤ୀିேಾ௣ୀேಾ௣ୀିேಾ 𝑒௜ሺ௤ఈ௫ା௣ఉ௭ሻቃ
ଶ   
     ൅ ቂ∑ ∑ 𝑖𝑞𝛽𝐻௅ሺ௡,௠ሻ௤ୀேಾ௤ୀିேಾ௣ୀேಾ௣ୀିேಾ 𝑒௜ሺ௣ఈ௫ା௤ఉ௭ሻቃ
ଶൠ
ିభమ 𝑒௜ሺ௣ఈ௫ା௤ఉ௭ሻ𝑑𝑥𝑑𝑧 (3.84c) 
while substitution of Eqs. (3.78) and Eq. (3.83) into Eqs. (2.28) gives the x-, y- and z-
components of the pressure force, i.e. 
𝐹௫௣,௅ ൎ 𝜆௫ି ଵ𝜆௭ି ଵ ׬ ׬ ∑ ∑ ∑ ൛െ𝑛௫,௅𝑝ሺ௣,௤ሻሺ𝑦ො௅ሻൟ௞ୀே೅ିଵ௞ୀ଴௤ୀெಾ௤ୀିெಾ௣ୀேಾ௣ୀିேಾ
ఒೣ
଴
ఒ೥
଴ ∙  
     ൜1 ൅ ቂ∑ ∑ 𝑖𝑞𝛼𝐻௅ሺ௡,௠ሻ௤ୀேಾ௤ୀିேಾ௣ୀேಾ௣ୀିேಾ 𝑒௜ሺ௤ఈ௫ା௣ఉ௭ሻቃ
ଶ  
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     ൅ ቂ∑ ∑ 𝑖𝑞𝛽𝐻௅ሺ௡,௠ሻ௤ୀேಾ௤ୀିேಾ௣ୀேಾ௣ୀିேಾ 𝑒௜ሺ௣ఈ௫ା௤ఉ௭ሻቃ
ଶൠ
ିభమ 𝑒௜ሺ௣ఈ௫ା௤ఉ௭ሻ𝑑𝑥𝑑𝑧 ,   (3.85a) 
 
𝐹௬௣,௅ ൎ 𝜆௫ି ଵ𝜆௭ି ଵ ׬ ׬ ∑ ∑ ∑ ൛െ𝑛௬,௅𝑝ሺ௣,௤ሻሺ𝑦ො௅ሻൟ௞ୀே೅ିଵ௞ୀ଴௤ୀெಾ௤ୀିெಾ௣ୀேಾ௣ୀିேಾ
ఒೣ
଴
ఒ೥
଴ ∙  
      ሼ1 ൅ ቂ∑ ∑ 𝑖𝑞𝛼𝐻௅ሺ௡,௠ሻ௤ୀேಾ௤ୀିேಾ௣ୀேಾ௣ୀିேಾ 𝑒௜ሺ௤ఈ௫ା௣ఉ௭ሻቃ
ଶ  
      ൅ ቂ∑ ∑ 𝑖𝑞𝛽𝐻௅ሺ௡,௠ሻ௤ୀேಾ௤ୀିேಾ௣ୀேಾ௣ୀିேಾ 𝑒௜ሺ௣ఈ௫ା௤ఉ௭ሻቃ
ଶൠ
ିభమ 𝑒௜ሺ௣ఈ௫ା௤ఉ௭ሻ𝑑𝑥𝑑𝑧 , (3.85b) 
 
𝐹௭௣,௅ ൎ 𝜆௫ି ଵ𝜆௭ି ଵ ׬ ׬ ∑ ∑ ∑ ൛െ𝑛௭,௅𝑝ሺ௣,௤ሻሺ𝑦ො௅ሻൟ௞ୀே೅ିଵ௞ୀ଴௤ୀெಾ௤ୀିெಾ௣ୀேಾ௣ୀିேಾ
ఒೣ
଴
ఒ೥
଴ ∙  
      ሼ1 ൅ ቂ∑ ∑ 𝑖𝑞𝛼𝐻௅ሺ௡,௠ሻ௤ୀேಾ௤ୀିேಾ௣ୀேಾ௣ୀିேಾ 𝑒௜ሺ௤ఈ௫ା௣ఉ௭ሻቃ
ଶ   
      ൅ ቂ∑ ∑ 𝑖𝑞𝛽𝐻௅ሺ௡,௠ሻ௤ୀேಾ௤ୀିேಾ௣ୀேಾ௣ୀିேಾ 𝑒௜ሺ௣ఈ௫ା௤ఉ௭ሻቃ
ଶൠ
ିభమ 𝑒௜ሺ௣ఈ௫ା௤ఉ௭ሻ𝑑𝑥𝑑𝑧 . (3.85c) 
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Chapter 4  
4 Discussion of Results 
This chapter describes the relation between the pressure losses and the topographies of 
channel walls. Equation (3.35) provides the most general description of these topographies. 
Section 4.1 is devoted to grooves placed on one wall only and with shapes described using 
just a few Fourier modes. Section 4.2 explores the interaction between grooves placed on 
both walls and their effect on pressure losses. 
When the channel is smooth, the pressure gradient required to drive the flow can be 
expressed as 
ௗ௣బ
ௗ௫ ൌ െ
ଶ
ோ௘, (4.1) 
the stress vectors at the lower (𝝈ሬ⃗𝑳𝟎ሻ and upper (𝝈ሬ⃗𝑼𝟎ሻ walls have the following forms 
𝝈ሬ⃗𝑳𝟎 ൌ ሾ𝜎௫బ,௅, 𝜎௬బ,௅ሿ ൌ ሾെ ଶோ௘ , 𝑝଴ሿ, 𝝈ሬ⃗𝑼𝟎 ൌ ሾ𝜎௫బ,௎, 𝜎௬బ,௎ሿ ൌ ሾെ
ଶ
ோ௘ , 𝑝଴ሿ   (4.2a, b) 
and the forces acting on the fluid at the lower (𝑭ሬ⃗𝑳𝟎 ሻ and upper (𝑭ሬ⃗𝑼𝟎ሻ walls can be expressed 
as 
𝑭ሬ⃗𝑳𝟎 ൌ ሾ𝐹௫బ,௅, 𝐹௬బ,௅ሿ ൌ ሾെ ଶோ௘ , െ
ଵ
ோ௘ሿ, 
𝑭ሬ⃗𝑼𝟎 ൌ ሾ𝐹௫బ,௎, 𝐹௬బ,௎ሿ ൌ ሾെ ଶோ௘ , െ
ଵ
ோ௘ሿ.      (4.3a, b) 
The addition of grooves changes surface forces as well as the pressure gradient required to 
drive the same flow rate through the modified channel. The mean pressure gradient in the 
x-direction is expressed as 
డ௣
డ௫ ൌ െ
ଶ
ோ௘ ൅ 𝐴, (4.4) 
while the mean pressure gradient in the z-direction is 
డ௣
డ௭ ൌ 𝐵 ൌ 0. (4.5) 
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Since the fluid flows only in the x-direction, there is no mean pressure gradient in the span-
wise z-direction and, thus, B must be zero. Quantity 𝐴 represents the pressure gradient 
corrections in the x-direction and its negative values indicate an increase of the drag while 
its positive values identify a drag decrease. This pressure gradient correction is expected 
to be a function of the surface topography with the determination if the drag reduction is 
possible being of most interest and, if so, what topographies may lead to such a reduction. 
The addition of grooves increases the surface wetted area and any drag reduction would 
imply a reduction of the surface friction sufficient to overcome the increase of the surface 
area exposed to friction. 
4.1 Grooves placed on the lower wall 
4.1.1 One -dimensional grooves 
We begin the discussion with simple one-dimensional grooves characterized in terms of a 
single wave number and oriented either in the stream-wise direction (longitudinal grooves 
with the wave number β) or in the span-wise direction (transverse grooves with the wave 
number α). Figure 4.1 illustrates these geometries while Fig.4.2 shows their effect on the 
pressure losses. It can be seen that the long-wavelength longitudinal grooves reduce drag 
while the short-wavelength longitudinal grooves as well as the transverse grooves of any 
wavelength always increase drag. 
 
Figure 4.1: Longitudinal (Fig.4.1a) and transverse (Fig.4.1b) grooves. 
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Figure 4.2: Pressure gradient correction associated with the longitudinal (Fig.4.2a) and 
transverse (Fig.4.2b) grooves. βc = 0.964 denotes the cut-off wave number separating the 
drag-reducing longitudinal grooves from the drag-increasing longitudinal grooves. 
4.1.2 Two-dimensional grooves 
The two-dimensional grooves involve a combination of the transverse (α) and longitudinal 
(β) wave numbers and combine the drag-increasing abilities of the former with the drag-
decreasing abilities of the latter. It is possible that unforeseen effects resulting in drag 
increase/decrease may appear due to the interactions of both wave numbers.  
We shall focus this discussion on grooves that require only a few Fourier modes for a 
description of their geometry. As the starting point, we selected the reference shape of the 
form  
𝑦௎ ൌ 1, 𝑦௅ ൌ െ1 ൅ 𝑦௕ cosሺ𝛼𝑥ሻ cos ሺ𝛽𝑧ሻ,  (4.6) 
which is illustrated in Fig. 4.3. This shape can be interpreted as being formed by a product 
of longitudinal and transverse grooves. Results shown in Fig.4.4, which displays variations 
of A as a function of 𝛼 and 𝛽, demonstrate that there exists a range of ሺ𝛼, 𝛽ሻ where A is 
positive. The range of the drag-reducing 𝛽’s is nearly the same as for the longitudinal 
grooves when 𝛼 is small but decreases with an increase of 𝛼. It is interesting to note that 
an increase of 𝛼 reduces the interval of the drag-reducing 𝛽’s both from above and from 
below.  
(a) (b) 
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Figure 4.3: Sketch of the channel geometry with the grooved lower and smooth upper wa
lls; 𝑦௎ ൌ 1, 𝑦௅ ൌ െ1 ൅ 𝑦௕ 𝑐𝑜𝑠ሺ𝛼𝑥ሻ 𝑐𝑜𝑠 ሺ𝛽𝑧ሻ with 𝑦௕ ൌ 0.2, 𝛼 ൌ 0.03, 𝛽 ൌ 0.2. 
 
Figure 4.4: Variations of the pressure gradient correction A ∗ 10ସ as a function of the wave 
numbers α  and β  for y୙ ൌ 1 , y୐ ൌ െ1 ൅ yୠ cosሺαxሻ cos ሺβzሻ  with yୠ ൌ 0.2  and Re ൌ
10. The right figure uses log scales to illustrate the limit of α → 0, β → 0. Dots identify 
the test points used in the detailed analysis. Gray area identifies the drag reduction zone. 
Thin dotted lines identify asymptotes. Dashed line identifies β’s that produce the largest 
drag reduction for the specified α. 
4.1.3 Two-dimensional drag-decreasing grooves 
To investigate the mechanisms responsible for drag decrease, we select 𝛼 ൌ 0.03, 𝛽 ൌ 0.2 
which give a positive A in Fig.4.4. Drag in a smooth channel is generated solely by viscous 
shear stress. The x-component of this stress, 𝜎௫బ,௅, acting on the fluid at the walls of the 
smooth channel is uniform and directed in the negative x-direction, e.g. Eq. (4.2). The 
𝛽௖ 
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character of surface forces is more complex in the grooved channel as grooves alter the 
distribution of shear stresses and increase the wetted area. 
The flow topology acquires interesting features. The velocity field assumes a three-
dimensional form whose structure is related to the surface topography. Contour plots of the 
stream-wise velocity components in the (y, z)-plane at different x-locations displayed in 
Fig.4.5 demonstrate that the flow accelerates in the zones above the groove troughs forming 
stream tubes with velocities larger than the maximum velocity of the reference flow. These 
stream tubes are formed in the middle of the channel, i.e. far above the grooves. The fluid 
particles are forced to meander around the groove peaks, i.e. they follow troughs, as 
documented by the contour plots of the span-wise velocity component displayed in Fig.4.5 
and shown schematically in Fig.4.6. At x = 0 (Fig.4.5a), the groove peaks are located at 
𝑧/𝜆௭ ൌ 1, 2 and attain the maximum height while the troughs are at 𝑧/𝜆௭ ൌ 0.5 and attain 
the maximum depth. The centers of the stream tubes are located above the troughs and the 
fluid flows away from the peaks and towards the troughs. Further downstream the height 
and depth of the groove decrease as shown in Fig.4.5b for 𝑥 ൌ 𝜆௫/8, the size of the stream 
tube decreases, and the fluid starts to flow away from the troughs. This process continues 
further downstream with the wall becoming smooth in the z-direction and only residua of 
the stream tubes visible at 𝑥 ൌ 𝜆௫/4 (see Fig.4.5c). Further downstream, at 𝑥 ൌ 3𝜆௫/8, the 
groove peaks appear at 𝑧/𝜆௭ ൌ 0.5, 1.5, the troughs appear at 𝑧/𝜆௭ ൌ 0, 1, and the new 
stream tubes begin to form above the troughs as illustrated in Fig.4.5d. The new stream 
tubes are shifted by half a wavelength in the z-direction compared with the original stream 
tubes visible at x = 0. The fluid maintains the same span-wise movement, but it is now 
directed away from the peaks and towards the troughs due to changes of the wall geometry. 
The height of the peaks, depth of the grooves and size of the stream tubes reach maxima at 
𝑥 ൌ 𝜆௫/2  as shown in Fig.4.5e. The fluid still flows towards the troughs. Further 
downstream at 𝑥 ൌ 5𝜆௫/8, the process of reduction of groove extremities is well visible, 
the spanwise velocity component changes direction, i.e. the fluid flows away from the 
troughs, and the size of the stream tube decreases (see Fig.4.5f). Further downstream, at 
𝑥 ൌ 3𝜆௫/4, the wall extremities are eliminated, the process of reduction of the stream tubes 
continues and the fluid flow maintains the same span-wise direction (see Fig.4.5g). At 
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𝑥 ൌ 7𝜆௫/8, groove peaks reappear at 𝑧/𝜆௭ ൌ 1, 2 and troughs reappear at 𝑧/𝜆௭ ൌ 0.5. 
New stream tubes begin to form at 𝑧/𝜆௭ ൌ 0.5, 1.5 with the fluid flowing towards the 
troughs (see Fig.4.5h). The process of groove growth continues as the fluid moves in the 
x-direction resulting in the flow topology recovering the form displayed in Fig.4.5a. 
 
Figure 4.5: Contour plots of the stream-wise (left) and span-wise (right) velocity 
components in the (y, z)-plane at different x-locations for 𝑅𝑒 ൌ 10, 𝑦௎ ൌ 1, 𝑦௅ ൌ െ1 ൅
𝑦௕ cosሺ𝛼𝑥ሻ cos ሺ𝛽𝑧ሻ with 𝑦௕ ൌ 0.2, 𝛼 ൌ 0.03, 𝛽 ൌ 0.2. Shaded areas in the left figures 
identify stream tubes with u > 1. The solid and dashed lines in the right figures identify the 
positive and negative values, respectively.   
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Variations of the flow topology lead to changes in the wall shear stress. These changes are 
well illustrated in Fig.4.6 displaying the difference between the x-components of the actual 
viscous stress and the stress found in the case of a smooth channel on the lower (𝜎ௗ௜௙௙,௅ሻ 
and upper (𝜎ௗ௜௙௙,௎ሻ walls, and defined as   
 𝜎ௗ௜௙௙,௅ ൌ 𝜎௫௩,௅ െ 𝜎௫బ,௅ ൌ 𝜎௫௩,௅ ൅ ଶோ௘,  𝜎ௗ௜௙௙,௎ ൌ 𝜎௫௩,௎ െ 𝜎௫బ,௎ ൌ 𝜎௫௩,௎ ൅
ଶ
ோ௘.  (4.7) 
The negative values of 𝜎ௗ௜௙௙,௅ and 𝜎ௗ௜௙௙,௎ identify zones where shear increases above the 
smooth-channel level while positive values identify zones of shear reduction. The viscous 
stress distribution forms a regular matrix of the reduction zones centered around the groove 
peaks and the increase zones centered around the groove troughs. One should note that the 
increase of the shear occurs in the trough areas where the span-wise cross-sectional area 
available to the fluid is the largest (Fig.4.7). 
 
Figure 4.6: Distribution of the difference between the x-components of viscous stress in 
the smooth and grooved channels at the lower (𝜎ௗ௜௙௙,௅ , Fig.4.6a) and upper (𝜎ௗ௜௙௙,௎ , 
Fig.4.6b) walls for 𝑅𝑒 ൌ 10 , 𝑦௎ ൌ 1 , 𝑦௅ ൌ െ1 ൅ 𝑦௕ 𝑐𝑜𝑠ሺ𝛼𝑥ሻ 𝑐𝑜𝑠 ሺ𝛽𝑧ሻ  with 𝑦௕ ൌ 0.2 , 
𝛼 ൌ 0.03, 𝛽 ൌ 0.2. The white and grey colors identify zones where the magnitude of the 
shear stress decreases and increases above the smooth channel value, respectively. Symbols 
 and  identify the groove crests and troughs, respectively. The fluid particles meander 
within these zones with their trajectories illustrated using solid lines (not to scale). 
(a) (b) 
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Figure 4.7: Distribution of the x-component of the viscous stress acting on the fluid at the 
lower wall 𝜎௫௩,௅  for 𝑅𝑒 ൌ 10 , 𝑦௎ ൌ 1 , 𝑦௅ ൌ െ1 ൅ 𝑦௕ 𝑐𝑜𝑠ሺ𝛼𝑥ሻ 𝑐𝑜𝑠 ሺ𝛽𝑧ሻ  with 𝑦௕ ൌ 0.2 , 
𝛼 ൌ 0.03, 𝛽 ൌ 0.2. The reference shear stress in the smooth channel is 𝜎௫బ,௅ ൌ െ0.2.  
A cut-out taken from Fig.4.7 extending over one wavelength in the x- and z-directions 
shown in Fig.4.8, as well as various projections displayed in Fig.4.9 provide more details 
about the distribution of the x-component of viscous stress. The addition of grooves results 
in an increase of the viscous stress in the trough areas and a decrease in the peak areas. It 
is interesting to note that the decrease in the peak area is larger than the increase in the 
trough area leading to the overall drag reduction. It is also of interest to note an asymmetry 
between the shear distribution on the upstream and downstream sides of the “bump”. The 
shear increase in the trough on the upstream side is bigger than on the downstream side, 
and the shear reduction on the upstream side is smaller than the reduction on the 
downstream side. The reductions around the peak areas are however larger than the 
increases in the trough areas, resulting in the overall reduction of the shear force.  
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Figure 4.8: Distribution of the difference between the x-components of viscous stresses in 
the grooved and smooth channels at the lower wall 𝜎ௗ௜௙௙,௅ on the surface of a single 
“bump” extending over one wavelength in the x- and z-directions for the same conditions 
as in Fig.4.7.  
 
Figure 4.9: Projections of the same data as in Fig.4.8 from the upstream, downstream, right 
and left directions are displayed in Figs. 4.9a, 4.9c, 4.9b, 4.9d, respectively. 
4.1.4 Two-dimensional drag-increasing grooves 
We shall now turn our attention to the drag-increasing grooves and select for detailed 
discussion grooves with 𝛼 ൌ 0.8, 𝛽 ൌ 0.2 which give negative A in Fig.4.4. The topology 
of the flow field is illustrated in Fig.4.10. This topology acquires features qualitatively 
different from those found in the case of the drag-reducing grooves discussed previously. 
(a) (b) 
(c) (d) 
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Contour plots of the stream-wise velocity components in the (y, z)-plane at different x-
locations displayed in Fig.4.10 demonstrate that the flow accelerates in the zones above the 
groove peaks, forming stream tubes with velocities larger than the maximum velocity of 
the reference flow. These stream tubes are formed in the middle of the channel as before, 
i.e. far above the grooves. The fluid particles are forced to meander around the groove 
troughs as documented by the contour plots of the span-wise velocity component displayed 
in Fig.4.10 and shown schematically in Fig.4.11. At x = 0 (Fig.4.10a), the groove peaks are 
located at 𝑧/𝜆௭ ൌ 1, 2 and attain the maximum height while the troughs are at 𝑧/𝜆௭ ൌ 0.5 
and attain the maximum depth. The centers of the stream tubes are located above the peaks 
and the fluid flows away from the peaks and towards the troughs, except in the thin zone 
around the grooved wall where the span-wise movement is in the opposite direction. 
Further downstream the height and depth of the groove decrease as shown in Fig.4.10b at 
𝑥 ൌ 𝜆௫/8, the size of the stream tube remains approximately unchanged, but the fluid starts 
to flow away from the troughs with this movement being much stronger near the smooth 
wall. This process continues further downstream with, at 𝑥 ൌ 𝜆௫/4, the wall becoming 
smooth in the z-direction, the stream tube fragmenting into smaller stream tubes and the 
fluid maintaining the same direction of the span-wise movement (see Fig.4.10c). Further 
downstream, at 𝑥 ൌ 3𝜆௫/8, the groove peaks appear at 𝑧/𝜆௭ ൌ 0.5, 1.5, the troughs appear 
at 𝑧/𝜆௭ ൌ 0, 1, and the new stream tubes form above the peaks as illustrated in Fig.4.10d. 
The fluid keeps the same direction of the span-wise movement but, since the location of 
the groove peaks changed, this movement is directed away from the peaks. The height of 
the peaks, the depth of the grooves and the size of the stream tubes reach maxima at 
𝑥 ൌ 𝜆௫/2, as shown in Fig.4.10e. The fluid flows away from the peaks except in a thin 
layer in the vicinity of the grooved wall where the fluid flows towards the peaks. Further 
downstream, at 𝑥 ൌ 5𝜆௫/8, the process of reduction of the groove extremities is well 
visible, the span-wise velocity component changes direction, i.e. the fluid flows towards 
the peaks, and the stream tubes expand in the span-wise direction (see Fig. 4.10f). Further 
downstream, at 𝑥 ൌ 3𝜆௫/4, the wall extremities are eliminated, the stream tubes fragment 
but the fluid maintains the same span-wise direction (see Fig.4.10g). At 𝑥 ൌ 7𝜆௫/8, groove 
peaks re-appear at 𝑧/𝜆௭ ൌ 1, 2 and troughs re-appear at 𝑧/𝜆௭ ൌ 0.5. The new stream tubes 
begin to form at 𝑧/𝜆௭ ൌ 0.5, 1.5 with the fluid flowing towards the troughs (see Fig.4.10h). 
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The process of groove growth continues as the fluid moves in the x-direction, resulting in 
the flow topology recovering the form displayed in Fig.4.10a. 
 
Figure 4.10: Contour plots of the stream-wise (left) and span-wise (right) velocity 
components in the (y, z)-plane at different x-locations for 𝑅𝑒 ൌ 10, 𝑦௎ ൌ 1, 𝑦௅ ൌ െ1 ൅
𝑦௕ 𝑐𝑜𝑠ሺ𝛼𝑥ሻ 𝑐𝑜𝑠 ሺ𝛽𝑧ሻ with 𝑦௕ ൌ 0.2, 𝛼 ൌ 0.8, 𝛽 ൌ 0.2. Shaded areas in the left figures 
identify stream tubes with 𝑢 ൐ 1. The solid and dashed lines in the right figures identify 
the positive and negative values, respectively.  
(a) x=0 (b) 𝑥 ൌ ఒೣ଼  
(c) 𝑥 ൌ ఒೣସ  (d) 𝑥 ൌ
ଷఒೣ
଼  
(e) 𝑥 ൌ ఒೣଶ  (f) 𝑥 ൌ
ହఒೣ
଼  
(g) 𝑥 ൌ ଷఒೣସ  (h) 𝑥 ൌ
଻ఒೣ
଼  
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Variations of the flow topology lead to changes in the wall shear stress illustrated in 
Fig.4.11. The negative values of 𝜎ௗ௜௙௙,௅  and 𝜎ௗ௜௙௙,௎  identify zones where the shear 
increases above the smooth-channel level while positive values identify zones of shear 
reduction. The viscous stress distribution forms a regular matrix of the reduction zones 
centered around the groove troughs and the increase zones centered around the groove 
peaks. It is interesting to note that the increase of the shear occurs in the peak areas where 
the span-wise cross-sectional area available to the fluid is smallest (Fig.4.12). 
 
Figure 4.11: Distribution of the difference between the x-components of viscous stresses 
in the grooved and smooth channels at the lower (𝜎ௗ௜௙௙,௅, Fig.4.11a) and upper (𝜎ௗ௜௙௙,௎, 
Fig.4.11b) walls for 𝑅𝑒 ൌ 10 , 𝑦௎ ൌ 1 , 𝑦௅ ൌ െ1 ൅ 𝑦௕ 𝑐𝑜𝑠ሺ𝛼𝑥ሻ 𝑐𝑜𝑠 ሺ𝛽𝑧ሻ  with 𝑦௕ ൌ 0.2 , 
𝛼 ൌ 0.8, 𝛽 ൌ 0.2. The white and grey colors identify zones where the magnitude of the 
shear stress decreases and increases above the smooth channel value, respectively. Symbols 
 and identify the groove crests and troughs, respectively. The fluid particles mender 
within these zones with their trajectories illustrated using solid lines (not to scale).   
 
(a) (b) 
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Figure 4.12: Distribution of the x-component of the viscous stress acting on the fluid at 
the lower wall 𝜎௫௩,௅  for  𝑅𝑒 ൌ 10 , 𝑦௎ ൌ 1 , 𝑦௅ ൌ െ1 ൅ 𝑦௕ 𝑐𝑜𝑠ሺ𝛼𝑥ሻ 𝑐𝑜𝑠 ሺ𝛽𝑧ሻ  with 𝑦௕ ൌ
0.2, 𝛼 ൌ 0.8, 𝛽 ൌ 0.2. The reference shear stress in the smooth channel is 𝜎௫బ,௅ ൌ െ0.2.  
A cutout taken from Fig.4.12 extending over one wavelength in the x- and z-directions 
shown in Fig.4.13, as well as various projections displayed in Fig.4.14, provide more 
details about the distribution of the viscous stress. The addition of grooves results in an 
increase of the stress in the peak areas and a decrease in the trough areas. The increase in 
the peak area is larger than the decrease in the trough area, leading to the overall drag 
increase. The asymmetry between the upstream and downstream sides of the “bump” is 
associated with the shear increase on its upstream face.  
The shear decrease in the trough on the upstream side is smaller than on the downstream 
side, and the shear increase on the upstream side is smaller than the increase on the 
downstream side. The increases around the peak areas are however smaller than the 
decreases in the trough areas, resulting in the overall increase of the shear force.  
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Figure 4.13: Distribution of the difference between the x-components of viscous stresses 
in the grooved and smooth channels at the lower wall 𝜎ௗ௜௙௙,௅ on the surface of a single 
“bump” extending over one wavelength in the x- and z-directions for the same conditions 
as in Fig. 4.12.  
 
Figure 4.14: Projections of the same data as in Fig.4.13 from the upstream, downstream, 
right and left directions are displayed in Figs 4.14a, 4.14b, 4.14c, 4.14d, respectively. 
 
(a) (b) 
(d) (c) 
View from 
upstream 
View from 
downstream 
View from 
right 
View from 
left 
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4.1.5 Effect of variations of the groove wave numbers 
Variations of the pressure gradient correction A as a function of the groove wave numbers 
were shown in Fig.4.4. It is interesting to determine how changes of A correlate with 
changes of the shear forces. Variations of shear forces acting at the upper (𝐹௫௩,௎ሻ and lower 
(𝐹௫௩,௅ሻ walls as well as their sum (𝐹௫௩ሻ as functions of the groove wave numbers displayed 
in Fig.4.15 demonstrate that their reductions on both walls occur in nearly the same range 
of 𝛼 and 𝛽, with 𝛽’s required for the force reduction at the lower wall being somewhat 
smaller than 𝛽’s required for the force reduction at the upper wall. The overall shear 
reduction correlates well with the reduction of shear forces. 
 
Figure 4.15: Variations of the x-component of the shear force per unit lengths in the x- and 
z-directions acting on the fluid at the lower (Fig.4.15a) and upper (Fig.4.15b) walls as well 
as variations of the x-component of the total shear force (Fig.4.15c) as functions of 𝛼 and 
𝛽  for 𝑅𝑒 ൌ 10, 𝑦௎ ൌ 1, 𝑦௅ ൌ െ1 ൅ 𝑦௕ 𝑐𝑜𝑠ሺ𝛼𝑥ሻ 𝑐𝑜𝑠 ሺ𝛽𝑧ሻ with 𝑦௕ ൌ 0.2, 𝛼 ൌ 0.03, 𝛽 ൌ
0.2. Dashed lines identify the boundary of the drag-reduction zone (see Fig.4.4).  
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4.1.6 Effects of variations of the groove amplitude 
Figure 4.16 displays variations of the pressure gradient correction A as a function of 𝛼 and 
𝛽 for different grooves amplitudes. It can be seen that the magnitude of the drag reduction 
increases with the groove amplitude while the range of (𝛼, 𝛽ሻ leading to the drag reduction 
is not affected by the amplitude. The last point is well illustrated in Fig.4.16e displaying 
lines of A = 0. Such lines overlap for different groove amplitudes used in the present study. 
Figure 4.17 displays variations of the shear force acting on the fluid at the lower wall 𝐹௫௩,௅, 
Fig.4.18 displays variations of the shear force acting on the fluid at the upper wall 𝐹௫௩,௎ 
while Fig.4.19 displays variations of the total force 𝐹௫௩ . Comparisons of all results 
presented in these figures demonstrate that the (𝛼,𝛽ሻ-zone of drag reduction correlates very 
well with the zone of reduction of shear forces on both walls, the position of the border in 
the (𝛼,𝛽ሻ-plane between the force-reducing and the force-increasing grooves does not 
depend on the groove amplitude, and the magnitude of the force reduction increases with 
the groove amplitude. Data displayed in Fig.4.20 demonstrates that the pressure gradient 
correction A increases proportionally to the second power of the groove amplitude. 
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Figure 4.16: Variations of the pressure gradient correction 𝐴 ∗ 10ସ as a function of 𝛼 and 
𝛽  for 𝑅𝑒 ൌ 10 , 𝑦௎ ൌ 1 , 𝑦௅ ൌ െ1 ൅ 𝑦௕ 𝑐𝑜𝑠ሺ𝛼𝑥ሻ 𝑐𝑜𝑠 ሺ𝛽𝑧ሻ . Results for 𝑦௕ ൌ
0.05, 0.1, 0.15, 0.2 are displayed in Figs 4.16 a-d, respectively. Figure 4.16e displays the 
overlap of lines 𝐴 ൌ 0 for 𝑦௕’s used in Figs 4.16 a-d.  
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Figure 4.17: Variations of the x-component of the shear force per unit lengths in the x-  
and z-directions acting on the fluid at the lower wall 𝐹௫௩,௅ as a function of 𝛼 and 𝛽 for 
𝑅𝑒 ൌ 10, 𝑦௎ ൌ 1, 𝑦௅ ൌ െ1 ൅ 𝑦௕ 𝑐𝑜𝑠ሺ𝛼𝑥ሻ 𝑐𝑜𝑠 ሺ𝛽𝑧ሻ. Results for 𝑦௕ ൌ 0.05, 0.1, 0.15, 0.2 
are displayed in Figs 4.17 a-d, respectively. Figure 4.17e displays the overlap of lines 
𝐹௫௩,௅ ൌ െ0.2 for 𝑦௕’s used in Figs 4.17 a-d.   
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Figure 4.18: Variations of the x-component of the shear force per unit lengths in the x- and 
z-directions acting on the fluid at the upper wall 𝐹௫௩,௎. The remaining conditions are as in 
Fig.4.17.  
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Figure 4.19: Variations of the x-component of the total shear force per unit lengths in the 
x- and z-directions acting on the fluid at the walls 𝐹௫௩  as a function of 𝛼  and 𝛽 . The 
remaining conditions are as in Fig.4.17. 
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Figure 4.20: Variations of the pressure gradient correction 𝐴 ∗ 10ସ as a function of the 
groove amplitude 𝑦௕  for 𝑦௎ ൌ 1 , 𝑦௅ ൌ െ1 ൅ 𝑦௕ 𝑐𝑜𝑠ሺ𝛼𝑥ሻ 𝑐𝑜𝑠 ሺ𝛽𝑧ሻ  with 𝛼 ൌ 0.03 , 𝛽 ൌ
0.2.  
4.1.7 Effects of variations of the flow Reynolds number 
An increase of the flow Reynolds number increases the relative importance of the pressure 
forces. Results displayed in Fig.4.21 demonstrate that an increase of the flow Reynolds 
number Re reduces the range of the stream-wise wave numbers α where the drag reduction 
can be achieved while the range of the span-wise wave numbers β remains unaffected. 
Results displayed in Fig.4.22 demonstrate however that while the range of α’s reducing the 
shear force at the lower wall decreases as Re increases, a new range of force-reducing α’s 
appears with 𝛼 ൌ 0ሺ1ሻ. While this effect does not occur at the upper wall (see Fig.4.23), 
the lower wall effect is strong enough to reduce the overall shear force if Re is large enough 
(see Fig.4.24). The comparison of Figs 4.21 and 4.24 demonstrates that the reduction of 
shear for 𝛼 ൌ 0ሺ1ሻ  is insufficient for the overall drag reduction. There remains 
nevertheless a range of small 𝛼’s where the drag reduction can be achieved even at Re = 
400, which was the largest Re attempted in this study. Data displayed in Fig.4.25 
demonstrates that the pressure gradient correction A decreases proportionally to Re-1, which 
points out to the increasing role of the pressure effects. 
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Figure 4.21: Variations of the pressure gradient correction 𝐴 ∗ 10ସ as a function of 𝛼 and 
𝛽  for 𝑦௎ ൌ 1 , 𝑦௅ ൌ െ1 ൅ 𝑦௕ 𝑐𝑜𝑠ሺ𝛼𝑥ሻ 𝑐𝑜𝑠 ሺ𝛽𝑧ሻ  with 𝑦௕ ൌ 0.1 . Results for 𝑅𝑒 ൌ
1, 10, 100, 400 are displayed in Figs 4.21 a-d, respectively. Figure 4.21e displays the 
overlap of lines 𝐴 ൌ 0 for 𝑅𝑒’s used in Figs 4.21 a-d. 
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Figure 4.22: Variations of the x-component of the shear force per unit lengths in the x- and 
z-directions acting on the fluid at the lower wall 𝐹௫௩,௅ as a function of 𝛼 and 𝛽 for 𝑦௎ ൌ 1, 
𝑦௅ ൌ െ1 ൅ 𝑦௕ 𝑐𝑜𝑠ሺ𝛼𝑥ሻ 𝑐𝑜𝑠 ሺ𝛽𝑧ሻ  with 𝑦௕ ൌ 0.1 . Results for Re = 1, 10, 100, 400 are 
displayed in Figs 4.22 a-d, respectively. 
 
Figure 4.23: Variations of the x-component of the shear force per unit lengths in the x- and 
z-directions acting on the fluid at the upper wall 𝐹௫௩,௎  as a function of 𝛼  and 𝛽 . The 
remaining conditions are as in Fig.4.22. 
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Figure 4.24: Variations of the x-component of the total shear force per unit lengths in the 
x- and z-directions acting on the fluid at the walls 𝐹௫௩  as a function of 𝛼  and 𝛽 . The 
remaining conditions are as in Fig.4.22. 
 
Figure 4.25: Variations of the pressure gradient correction 𝐴 ∗ 10ସ as a function of the 
flow Reynolds number Re for 𝑦௎ ൌ 1, 𝑦௅ ൌ െ1 ൅ 𝑦௕ 𝑐𝑜𝑠ሺ𝛼𝑥ሻ 𝑐𝑜𝑠 ሺ𝛽𝑧ሻ with 𝛼 ൌ 0.03, 
𝛽 ൌ 0.2. 
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4.1.8 A different class of two-dimensional grooves 
We shall now turn attention to another class of two-dimensional grooves, i.e. grooves 
resulting from a summation of the longitudinal and transverse grooves. The resulting 
topography is described as 
𝑦௎ ൌ 1, 𝑦௅ ൌ െ1 ൅ 𝑦௕௫ 𝑐𝑜𝑠ሺ𝛼𝑥ሻ ൅ 𝑦௕௭𝑐𝑜𝑠 ሺ𝛽𝑧ሻ                                                        (4.8)  
and is illustrated in Fig.4.26. Such grooves with equal amplitudes, i.e. 𝑦௕௫ ൌ 𝑦௕௭, have 
equal weights of the transverse and longitudinal components and are unable to reduce the 
drag as shown in Fig.4.27. An increase of the amplitudes increases drag. The grooves are 
nevertheless able to reduce the shear force at the lower wall (see Fig.4.28), at the upper 
wall (see Fig.4.29) as well as the total shear force (see Fig.4.30) with the range of ሺ𝛼, 𝛽ሻ 
able to produce this effect decreasing as the groove amplitude increases. The grooves are 
unable to reduce drag as Re increases (see Fig.4.31) while the range of ሺ𝛼, 𝛽ሻ resulting in 
the reduction of the lower, upper and total shear forces expands (see Figs 4.32-4.34). The 
reduction of the shear is always insufficient to overcome the pressure drag. Changing the 
weights of the longitudinal and transverse components changes the system response as 
shown in Fig.4.35. An increase of the longitudinal component may reduce the drag if the 
transverse component is not too big (see Fig.4.35a). If the transverse component is large, 
an increase of the longitudinal component may reduce the drag increase associated with 
the transvers component (see Fig.4.35b). 
 
Figure 4.26: Sketch of the channel geometry with the grooved lower wall and smooth 
upper wall;  𝑦௎ ൌ 1 , 𝑦௅ ൌ െ1 ൅ ௬್ೣଶ 𝑐𝑜𝑠ሺ𝛼𝑥ሻ ൅
௬್೥
ଶ 𝑐𝑜𝑠 ሺ𝛽𝑧ሻ  with 𝑦௕௫ ൌ 𝑦௕௭ ൌ 𝑦௕ ൌ 0.2, 
𝛼 ൌ 0.03, 𝛽 ൌ 0.2. 
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Figure 4.27: Variations of the pressure gradient correction 𝐴 ∗ 10ସ as a function of 𝛼 and 
𝛽  for  𝑅𝑒 ൌ 10, 𝑦௎ ൌ 1, 𝑦௅ ൌ െ1 ൅ ௬್ଶ 𝑐𝑜𝑠ሺ𝛼𝑥ሻ ൅
௬್
ଶ 𝑐𝑜𝑠 ሺ𝛽𝑧ሻ. Figures 4.27 a-d display 
results for 𝑦௕ = 0.05, 0.1, 0.15, 0.2, respectively. 
 
Figure 4.28: Variations of the x-component of the shear force per unit lengths in the x- 
and z-directions acting on the fluid at the lower wall 𝐹௫௩,௅  as a function of 𝛼  and 𝛽 
for  𝑅𝑒 ൌ 10 , 𝑦௎ ൌ 1 , 𝑦௅ ൌ െ1 ൅ ௬್ଶ 𝑐𝑜𝑠ሺ𝛼𝑥ሻ ൅
௬್
ଶ 𝑐𝑜𝑠 ሺ𝛽𝑧ሻ . Figures 4.28 a-d display 
results for 𝑦௕ = 0.05, 0.1, 0.15, 0.2, respectively. 
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Figure 4.29: Variations of the x-component of the shear force per unit lengths in the x- and 
z-directions acting on the fluid at the upper wall 𝐹௫௩,௎  as a function of 𝛼  and 𝛽 . The 
remaining conditions are as in Fig.4.28. 
 
Figure 4.30: Variations of the x-component of the total shear force per unit lengths in the 
x- and z-directions acting on the fluid at the walls 𝐹௫௩  as a function of 𝛼  and 𝛽 . The 
remaining conditions are as in Fig.4.28. 
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Figure 4.31: Variations of the pressure gradient correction 𝐴 ∗ 10ସ as a function of 𝛼 and 
𝛽  for 𝑦௎ ൌ 1 , 𝑦௅ ൌ െ1 ൅ ௬್ଶ 𝑐𝑜𝑠ሺ𝛼𝑥ሻ ൅
௬್
ଶ 𝑐𝑜𝑠 ሺ𝛽𝑧ሻ with 𝑦௕ ൌ 0.1 . Figures 4.31 a-d 
display results for Re = 1, 10, 100, 400, respectively. 
 
Figure 4.32: Variations of the x-component of the shear force per unit lengths in the x- and 
z-directions acting on the fluid at the lower wall 𝐹௫௩,௅ as a function of 𝛼 and 𝛽 for 𝑦௎ ൌ 1, 
𝑦௅ ൌ െ1 ൅ ௬್ଶ 𝑐𝑜𝑠ሺ𝛼𝑥ሻ ൅
௬್
ଶ 𝑐𝑜𝑠 ሺ𝛽𝑧ሻ with 𝑦௕ ൌ 0.1. Results for Re = 1, 10, 100, 400 are 
displayed in Figs 4.32 a-d, respectively. 
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Figure 4.33: Variations of the x-component of the shear force per unit lengths in the x- and 
z-directions acting on the fluid at the upper wall 𝐹௫௩,௎  as a function of 𝛼  and 𝛽 . The 
remaining conditions are as in Fig.4.32. 
 
Figure 4.34: Variations of the x-component of the total shear force per unit lengths in the 
x- and z-directions acting on the fluid at the upper wall 𝐹௫௩ as a function of 𝛼 and 𝛽. The 
remaining conditions are as in Fig.4.32. 
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Figure 4.35: Variations of the pressure gradient correction 𝐴 ∗ 10ସ for grooves in the form 
of 𝑦௅ ൌ െ1 ൅ 𝑦௕௫ 𝑐𝑜𝑠ሺ𝛼𝑥ሻ ൅ 𝑦௕௭𝑐𝑜𝑠 ሺ𝛽𝑧ሻ, 𝑦௎ ൌ 1 for 𝛼 ൌ 0.03, 𝛽 ൌ 0.2, 𝑅𝑒 ൌ 10 as a 
function of 𝑦௕௫  for 𝑦௕௭ ൌ 0.1 (Fig. 4.35a) and as a function of 𝑦௕௭  for 𝑦௕௫ ൌ 0.1 (Fig. 
4.35b). 
 
Figure 4.36: Variations of the pressure gradient correction 𝐴 ∗ 10ସ as a function of 𝛼 and 
𝛽  for 𝑅𝑒 ൌ 10 and grooves in the form 𝑦௅ ൌ െ1 ൅ 𝑦௕௫𝑐𝑜𝑠ሺ𝛼𝑥ሻ ൅ 𝑦௕௭𝑐𝑜𝑠 ሺ𝛽𝑧ሻ, 𝑦௎ ൌ 1 
with 𝑦௕௫ ൌ 0.025, 𝑦௕௭ ൌ 0.1 (Fig.4.36a) and with 𝑦௕௫ ൌ 0.05, 𝑦௕௭ ൌ 0.1 (Fig.4.36b). 
4.1.9 Effects of different surface topographies  
The following simple topographies were selected for further analysis: 
𝑦௎ ൌ 1, 𝑦௅ ൌ െ1 ൅ ௬್ଶ cosሺ𝛼𝑥ሻ ൅
௬್
ଶ cosሺ𝛼𝑥ሻ cos ሺ𝛽𝑧ሻ, (4.9) 
𝑦௎ ൌ 1, 𝑦௅ ൌ െ1 ൅ ௬್ଶ cosሺ2𝛼𝑥ሻ ൅
௬್
ଶ cosሺ𝛼𝑥ሻ cos ሺ𝛽𝑧ሻ, (4.10) 
(a) (b) 
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𝑦௎ ൌ 1,  𝑦௅ ൌ െ1 ൅ ௬್ଶ cosሺ𝛽𝑧ሻ ൅
௬್
ଶ cosሺ𝛼𝑥ሻ cos ሺ𝛽𝑧ሻ, (4.11) 
𝑦௎ ൌ 1, 𝑦௅ ൌ െ1 ൅ ௬್ଶ cosሺ2𝛽𝑧ሻ ൅
௬್
ଶ cosሺ𝛼𝑥ሻ cos ሺ𝛽𝑧ሻ. (4.12) 
The first two topographies give preference to the transverse grooves while the last two give 
preference to the longitudinal grooves. Grooves described by (4.9) are illustrated in 
Fig.4.37 and are unable to reduce drag as shown in Fig.4.38. Grooves described by (4.10) 
are illustrated in Fig.4.39 and are also unable to reduce drag as shown in Fig.4.40. Grooves 
described by (4.11) are illustrated in Fig.4.41 and are able to reduce drag if the proper wave 
numbers are selected, as illustrated in Fig.4.42. Grooves described by (4.12) are illustrated 
in Fig.4.43 and are also able to reduce drag as illustrated in Fig.4.44. A casual analysis of 
topographies displayed in Figs 4.37, 4.39, 4.41, 4.43 does not manage to identify 
characteristic features that may lead to drag reduction, but their mathematical description 
demonstrates that a preference for longitudinal grooves is required. 
 
Figure 4.37: Sketch of the channel geometry with the grooved lower wall and a smooth 
upper wall;  𝑦௎ ൌ 1 , 𝑦௅ ൌ െ1 ൅ ௬್ଶ 𝑐𝑜𝑠ሺ𝛼𝑥ሻ ൅
௬್
ଶ 𝑐𝑜𝑠ሺ𝛼𝑥ሻ 𝑐𝑜𝑠 ሺ𝛽𝑧ሻ  with 𝑦௕ ൌ 0.2 , 𝛼 ൌ
0.03, 𝛽 ൌ 0.2. 
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Figure 4.38: Variations of the pressure gradient correction 𝐴 ∗ 10ସ as a function of 𝛼 and 
𝛽 for 𝑅𝑒 ൌ 10, 𝑦௎ ൌ 1, 𝑦௅ ൌ െ1 ൅ ௬್ଶ 𝑐𝑜𝑠ሺ𝛼𝑥ሻ ൅
௬್
ଶ 𝑐𝑜𝑠ሺ𝛼𝑥ሻ 𝑐𝑜𝑠 ሺ𝛽𝑧ሻ with 𝑦௕ ൌ 0.2. 
 
Figure 4.39: Sketch of the channel geometry with the grooved lower wall and smooth 
upper wall; 𝑦௎ ൌ 1, 𝑦௅ ൌ െ1 ൅ ௬್ଶ 𝑐𝑜𝑠ሺ2𝛼𝑥ሻ ൅
௬್
ଶ 𝑐𝑜𝑠ሺ𝛼𝑥ሻ 𝑐𝑜𝑠 ሺ𝛽𝑧ሻ with 𝑦௕ ൌ 0.2, 𝛼 ൌ
0.03, 𝛽 ൌ 0.2. 
 
Figure 4.40: Variations of the pressure gradient correction 𝐴 ∗ 10ସ as a function of 𝛼 and 
𝛽 for 𝑅𝑒 ൌ 10, 𝑦௎ ൌ 1, 𝑦௅ ൌ െ1 ൅ ௬್ଶ 𝑐𝑜𝑠ሺ2𝛼𝑥ሻ ൅
௬್
ଶ 𝑐𝑜𝑠ሺ𝛼𝑥ሻ 𝑐𝑜𝑠 ሺ𝛽𝑧ሻ with 𝑦௕ ൌ 0.2.   
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Figure 4.41: Sketch of the channel geometry with the grooved lower wall and smooth 
upper wall;  𝑦௎ ൌ 1 , 𝑦௅ ൌ െ1 ൅ ௬್ଶ 𝑐𝑜𝑠ሺ𝛽𝑧ሻ ൅
௬್
ଶ 𝑐𝑜𝑠ሺ𝛼𝑥ሻ 𝑐𝑜𝑠 ሺ𝛽𝑧ሻ  with 𝑦௕ ൌ 0.2 , 𝛼 ൌ
0.03, 𝛽 ൌ 0.2. 
 
 
Figure 4.42: Variations of the pressure gradient correction 𝐴 ∗ 10ସ as a function of 𝛼 and 
𝛽 for 𝑅𝑒 ൌ 10, 𝑦௎ ൌ 1, 𝑦௅ ൌ െ1 ൅ ௬್ଶ 𝑐𝑜𝑠ሺ𝛽𝑧ሻ ൅
௬್
ଶ 𝑐𝑜𝑠ሺ𝛼𝑥ሻ 𝑐𝑜𝑠 ሺ𝛽𝑧ሻ with 𝑦௕ ൌ 0.2. 
 
 
Figure 4.43: Sketch of the channel geometry with the grooved lower wall and smooth 
upper wall;  𝑦௎ ൌ 1 , 𝑦௅ ൌ െ1 ൅ ௬್ଶ 𝑐𝑜𝑠ሺ2𝛽𝑧ሻ ൅
௬್
ଶ 𝑐𝑜𝑠ሺ𝛼𝑥ሻ 𝑐𝑜𝑠 ሺ𝛽𝑧ሻ  with 𝑦௕ ൌ 0.2 , 𝛼 ൌ
0.03, 𝛽 ൌ 0.2. 
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Figure 4.44: Variations of the pressure gradient correction 𝐴 ∗ 10ସ as a function of 𝛼 and 
𝛽 for 𝑅𝑒 ൌ 10, 𝑦௎ ൌ 1, 𝑦௅ ൌ െ1 ൅ ௬್ଶ 𝑐𝑜𝑠ሺ2𝛽𝑧ሻ ൅
௬್
ଶ 𝑐𝑜𝑠ሺ𝛼𝑥ሻ 𝑐𝑜𝑠 ሺ𝛽𝑧ሻ with 𝑦௕ ൌ 0.2. 
4.2 Effects of the groove placement at the both walls and the 
groove interaction 
The discussion of groove interaction begins with one-dimensional grooves placed at both 
walls in different relative positions. Use of the longitudinal grooves leads to the channel 
geometry of the form 
𝑦௎ ൌ 1 ൅ 𝑦௧𝑐𝑜𝑠 ሺ𝛽𝑧 ൅ 𝛺௭ሻ, 𝑦௅ ൌ െ1 ൅ 𝑦௕ 𝑐𝑜𝑠ሺ𝛽𝑧ሻ  (4.13) 
which is illustrated in Fig.4.45. The phase difference 𝛺௭ provides a measure of the relative 
position of the upper groove system with respect to the lower system. The results displayed 
in Fig.4.46 demonstrate a potential for doubling the drag reduction with proper election of 
Ω௭. Use of transverse grooves on both walls leads to the channel geometry of the form 
𝑦௎ ൌ 1 ൅ 𝑦௧cos ሺ𝛼𝑥 ൅ Ω௫ሻ, 𝑦௅ ൌ െ1 ൅ 𝑦௕ cosሺ𝛼𝑥ሻ                                               (4.14) 
illustrated in Fig.4.47. Results displayed in Fig.4.48 demonstrate that such topographies 
generally increase the drag above the level found in the case of grooves placed at one wall 
only. The last combination of one-dimensional grooves involves transverse grooves at one 
wall and longitudinal grooves at the other wall, leading to the channel geometry of the form 
𝑦௎ ൌ 1 ൅ 𝑦௧cos ሺ𝛼𝑥ሻ, 𝑦௅ ൌ െ1 ൅ 𝑦௕ cosሺ𝛽𝑧ሻ                                                           (4.15) 
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which is illustrated in Fig.4.49. Results displayed in Fig.4.50 show that such systems lead 
to drag increase. 
 
 
Figure 4.45: Sketch of the channel geometry with the longitudinal grooves placed on both 
walls; 𝑦௎ ൌ 1 ൅ 𝑦௧𝑐𝑜𝑠 ሺ𝛽𝑧 ൅ 𝛺௭ሻ, 𝑦௅ ൌ െ1 ൅ 𝑦௕ 𝑐𝑜𝑠ሺ𝛽𝑧ሻ with 𝑦௧ ൌ 𝑦௕ ൌ 0.2, 𝛽 ൌ 0.2. 
 
Figure 4.46: Variations of the pressure gradient correction 𝐴 ∗ 10ସ as a function of 𝛽 and 
𝛺௭ for 𝑅𝑒 ൌ 10, 𝑦௎ ൌ 1 ൅ 𝑦௧𝑐𝑜𝑠 ሺ𝛽𝑧 ൅ 𝛺௭ሻ, 𝑦௅ ൌ െ1 ൅ 𝑦௕ 𝑐𝑜𝑠ሺ𝛽𝑧ሻ, with 𝑦௧ ൌ 𝑦௕ ൌ 0.2. 
Horizontal dotted lines show data for grooves placed at one wall only. 
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Figure 4.47: Sketch of the channel geometry with the transverse grooves placed on both 
walls; 𝑦௎ ൌ 1 ൅ 𝑦௧𝑐𝑜𝑠 ሺ𝛼𝑥 ൅ 𝛺௫ሻ , 𝑦௅ ൌ െ1 ൅ 𝑦௕ 𝑐𝑜𝑠ሺ𝛼𝑥ሻ  with 𝑦௧ ൌ 𝑦௕ ൌ 0.1 , 𝛼 ൌ
0.03. 
 
Figure 4.48: Variations of the pressure gradient correction 𝐴 ∗ 10ସ as a function of 𝛼 and 
𝛽 for 𝑅𝑒 ൌ 10, 𝑦௎ ൌ 1 ൅ 𝑦௧𝑐𝑜𝑠 ሺ𝛼𝑥 ൅ 𝛺௫ሻ, 𝑦௅ ൌ െ1 ൅ 𝑦௕ 𝑐𝑜𝑠ሺ𝛼𝑥ሻ with 𝑦௧ ൌ 𝑦௕ ൌ 0.1. 
 
Figure 4.49: Sketch of the channel geometry with the transverse grooves on the upper wall 
and longitudinal grooves on the lower wall; 𝑦௎ ൌ 1 ൅ 𝑦௧𝑐𝑜𝑠 ሺ𝛼𝑥ሻ, 𝑦௅ ൌ െ1 ൅ 𝑦௕ 𝑐𝑜𝑠ሺ𝛽𝑧ሻ 
with 𝑦௧ ൌ 𝑦௕ ൌ 0.1, 𝛼 ൌ 0.03, 𝛽 ൌ 0.2. 
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Figure 4.50: Variations of the pressure gradient correction 𝐴 ∗ 10ସ as a function of 𝛼 and 
𝛽  for  𝑅𝑒 ൌ 10  and grooves of the form 𝑦௎ ൌ 1 ൅ 𝑦௧𝑐𝑜𝑠 ሺ𝛼𝑥ሻ , 𝑦௅ ൌ െ1 ൅ 𝑦௕ 𝑐𝑜𝑠ሺ𝛽𝑧ሻ 
with 𝑦௧ ൌ 𝑦௕ ൌ 0.1. 
The discussion of interaction between systems of two-dimensional grooves is carried out 
using grooves of the form 
𝑦௅ ൌ െ1 ൅ 𝑦௕ cosሺ𝛼𝑥ሻ cos ሺ𝛽𝑧ሻ, 𝑦௎ ൌ 1 ൅ 𝑦௧ 𝑐𝑜𝑠ሺ𝛼𝑥 ൅ 𝛺௫ሻ 𝑐𝑜𝑠 ሺ𝛽𝑧 ൅ 𝛺௭ሻ           (4.16) 
illustrated in Fig.4.51. Results displayed in Fig.4.52 demonstrate a complex pattern of 
variations of A as a function of ሺ𝛺௫, 𝛺௭ሻ leading to both drag increase as well as drag 
decrease with respect to what can be achieved with one groove system. This pattern does 
not depend on the groove amplitudes while the magnitude of drag changes increases with 
an increase of the amplitudes, as illustrated in Fig.4.52. The pattern in the ሺ𝛺௫, 𝛺௭ሻ-plane 
changes marginally when the groove wave numbers change, as illustrated through 
comparison of results displayed in Figs 4.52 and 4.53. Changes of the flow Reynolds 
number lead to changes of the ሺ𝛺௫, 𝛺௭ሻ-pattern as shown in Fig.4.54. Analysis of data 
displayed in Figs 4.52-4.54 demonstrates the existence of two local maxima of drag 
reduction. One of the pairs of ሺ𝛺௫, 𝛺௭ሻ corresponds to the no-phase-shift in the stream-wise 
direction, i.e. 𝛺௫ ൌ 0, while the phase shift in the span-wise direction changes a function 
of the problem parameters. The other pair needs to be determined numerically. Results 
displayed in Fig.4.55 demonstrate a large sensitivity for the form of the best pair of 
ሺ𝛺௫, 𝛺௭ሻ, i.e. the pair producing the largest drag reduction, to variations of Re for Re < 100 
with little sensitivity for larger Re’s. Data displayed in Fig.4.56 illustrates the magnitude 
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of drag reduction that can be achieved with the best relative positioning of both groove 
patterns and how it changes as Re increases. Finally, Figs 4.57-4.59 illustrate what can be 
achieved by varying the groove wave numbers for the two most effective pairs of ሺ𝛺௫, 𝛺௭ሻ. 
While these pairs were selected through analysis of flow response to variations of ሺ𝛺௫, 𝛺௭ሻ 
for 𝛼 ൌ 0.03, 𝛽 ൌ 0.2, results displayed in Fig.4.53 suggest that this process provides a 
quite accurate approximation of the best ሺ𝛺௫, 𝛺௭ሻ for the range of ሺ𝛼, 𝛽ሻ of interest in drag 
reduction. It can be seen that the use of grooves on both walls expands the range of ሺ𝛼, 𝛽ሻ, 
especially at higher Reynolds numbers, and increases the magnitude of drag reduction that 
can be achieved.     
 
 
Figure 4.51: Sketch of the channel geometry with grooves at both walls: 𝑦௅ ൌ െ1 ൅
𝑦௕ 𝑐𝑜𝑠ሺ𝛼𝑥ሻ 𝑐𝑜𝑠 ሺ𝛽𝑧ሻ, 𝑦௎ ൌ 1 ൅ 𝑦௧ 𝑐𝑜𝑠ሺ𝛼𝑥 ൅ 𝛺௫ሻ 𝑐𝑜𝑠 ሺ𝛽𝑧 ൅ 𝛺௭ሻ with 𝑦௕ ൌ 𝑦௧ ൌ 0.1, 𝛼 ൌ
0.03, 𝛽 ൌ 0.2, 𝛺௫ ൌ 0.35𝜋, 𝛺௭ ൌ 0.35𝜋.   
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Figure 4.52: Variations of the pressure gradient correction 𝐴 ∗ 10ସ as a function of the 
phase shifts 𝛺௫  and 𝛺௭  for Re = 10 for grooves in the form  𝑦௅ ൌ െ1 ൅
𝑦௕ 𝑐𝑜𝑠ሺ𝛼𝑥ሻ 𝑐𝑜𝑠 ሺ𝛽𝑧ሻ, 𝑦௎ ൌ 1 ൅ 𝑦௧ 𝑐𝑜𝑠ሺ𝛼𝑥 ൅ 𝛺௫ሻ 𝑐𝑜𝑠 ሺ𝛽𝑧 ൅ 𝛺௭ሻ with 𝛼 ൌ 0.03, 𝛽 ൌ 0.2. 
Figures 4.52 a-d display results for 𝑦௕ ൌ 𝑦௧ ൌ 0.05, 0.1, 0.15, 0.2, respectively. The grey 
areas identify drag increase regions. 
 
Figure 4.53: Variations of the pressure gradient correction A ∗ 10ସ as a function of the 
phase shifts Ω୶  and Ω୸  for Re ൌ 10  for grooves in the form  y୐ ൌ െ1 ൅
yୠ cosሺαxሻ cosሺβzሻ , y୙ ൌ 1 ൅ y୲ cosሺαx ൅ Ω୶ሻ cos ሺβz ൅ Ω୸ሻwith yୠ ൌ y୲ ൌ 0.1. Results 
for α ൌ 0.05, β ൌ 0.6 are displayed in Fig.4.53a while results for α ൌ 0.1, β ൌ 0.5 are 
displayed in Fig.4.53b. The grey areas identify drag increase regions. 
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Figure 4.54: Variations of the pressure gradient correction 𝐴 ∗ 10ସ as a function of the 
phase shifts 𝛺௫ and 𝛺௭ for grooves in the form 𝑦௅ ൌ െ1 ൅ 𝑦௕ 𝑐𝑜𝑠ሺ𝛼𝑥ሻ 𝑐𝑜𝑠 ሺ𝛽𝑧ሻ, 𝑦௎ ൌ 1 ൅
𝑦௧ 𝑐𝑜𝑠ሺ𝛼𝑥 ൅ 𝛺௫ሻ 𝑐𝑜𝑠 ሺ𝛽𝑧 ൅ 𝛺௭ሻ with 𝛼 ൌ 0.03, 𝛽 ൌ 0.2, 𝑦௕ ൌ 𝑦௧ ൌ 0.1. Figures 4.54 a-h 
display results for Re = 1, 5, 10, 50, 100, 200, 300, 400, respectively. The grey areas 
identify drag increase regions. 
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Figure 4.55: Variations of the phase differences (𝛺௫, 𝛺௭ሻ resulting in the maximum 
pressure gradient correction A as a function of the Reynolds number Re for grooves in the 
form  𝑦௅ ൌ െ1 ൅ 𝑦௕ 𝑐𝑜𝑠ሺ𝛼𝑥ሻ 𝑐𝑜𝑠 ሺ𝛽𝑧ሻ , 𝑦௎ ൌ 1 ൅ 𝑦௧ 𝑐𝑜𝑠ሺ𝛼𝑥 ൅ 𝛺௫ሻ 𝑐𝑜𝑠 ሺ𝛽𝑧 ൅ 𝛺௭ሻ  with 
𝑦௕ ൌ 𝑦௧ ൌ 0.1. Solid lines illustrate variations of the pair (𝛺௫, 𝛺௭ሻ while dashed lines 
illustrate variations of the pair (0, 𝛺௭ሻ. Results for the wave numbers (𝛼, 𝛽ሻ ൌ ሺ0.03, 0.2ሻ, 
ሺ0.1, 0.5ሻ, ሺ0.05, 0.6ሻ are identified using symbols: , respectively.   
 
Figure 4.56: Variations of the maximum of the pressure gradient correction 𝐴 ∗ 10ସ as a 
function of the Reynolds number Re for grooves in the form  𝑦௅ ൌ െ1 ൅
𝑦௕ 𝑐𝑜𝑠ሺ𝛼𝑥ሻ 𝑐𝑜𝑠 ሺ𝛽𝑧ሻ , 𝑦௎ ൌ 1 ൅ 𝑦௧ 𝑐𝑜𝑠ሺ𝛼𝑥 ൅ 𝛺௫ሻ 𝑐𝑜𝑠 ሺ𝛽𝑧 ൅ 𝛺௭ሻ  with 𝑦௕ ൌ  𝑦௧ ൌ 0.1 . 
Results for the wave numbers (𝛼, 𝛽ሻ ൌ ሺ0.03, 0.2ሻ, ሺ0.1, 0.5ሻ, ሺ0.05, 0.6ሻ are identified 
using symbols: , respectively. 
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Figure 4.57: Variations of the pressure gradient correction 𝐴 ∗ 10ସ as a function of 𝛼 and 
𝛽 for grooves in the form  𝑦௅ ൌ െ1 ൅ 𝑦௕ 𝑐𝑜𝑠ሺ𝛼𝑥ሻ 𝑐𝑜𝑠 ሺ𝛽𝑧ሻ , 𝑦௎ ൌ 1 ൅ 𝑦௧ 𝑐𝑜𝑠ሺ𝛼𝑥 ൅
𝛺௫ሻ 𝑐𝑜𝑠 ሺ𝛽𝑧 ൅ 𝛺௭ሻ with 𝑦௕ ൌ 𝑦௧ ൌ 0.1 and 𝑅𝑒 ൌ 10. Figures 4.57 a-b display results for  
ሺ𝛺௫, 𝛺௭ሻ ൌ ሺ0, 𝜋ሻ, ሺ𝜋, 0.15 𝜋ሻ , respectively. These pairs of (𝛺௫ , 𝛺௭ሻ  give the extreme 
values of drag reduction at the test points marked with dots ሺ𝛼 ൌ 0.03, 𝛽 ൌ 0.2ሻ. 
 
  
Figure 4.58: Variations of the pressure gradient correction 𝐴 ∗ 10ସ as a function of 𝛼 and 
𝛽  for grooves in the form  𝑦௅ ൌ െ1 ൅ 𝑦௕ 𝑐𝑜𝑠ሺ𝛼𝑥ሻ 𝑐𝑜𝑠 ሺ𝛽𝑧ሻ , 𝑦௎ ൌ 1 ൅ 𝑦௧ 𝑐𝑜𝑠ሺ𝛼𝑥 ൅
𝛺௫ሻ 𝑐𝑜𝑠 ሺ𝛽𝑧 ൅ 𝛺௭ሻ with 𝑦௕ ൌ 𝑦௧ ൌ 0.1 for 𝑅𝑒 ൌ 100. Figures 4.58 a-b display results for 
ሺ𝛺௫, 𝛺௭ሻ ൌ ሺ0, 0.55 𝜋ሻ, ሺ𝜋, 0.45 𝜋ሻ, respectively. These pairs of (𝛺௫, 𝛺௭ሻ give the extreme 
values of drag reduction at the test points marked with dots ሺ𝛼 ൌ 0.03, 𝛽 ൌ 0.2ሻ. 
(a) (b) 
(a) (b) 
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Figure 4.59: Variations of the pressure gradient correction 𝐴 ∗ 10ସ as a function of 𝛼 and 
𝛽  for grooves in the form  𝑦௅ ൌ െ1 ൅ 𝑦௕ 𝑐𝑜𝑠ሺ𝛼𝑥ሻ 𝑐𝑜𝑠 ሺ𝛽𝑧ሻ , 𝑦௎ ൌ 1 ൅ 𝑦௧ 𝑐𝑜𝑠ሺ𝛼𝑥 ൅
𝛺௫ሻ 𝑐𝑜𝑠 ሺ𝛽𝑧 ൅ 𝛺௭ሻ  with 𝑦௕ ൌ 𝑦௧ ൌ 0.1  for 𝑅𝑒 ൌ 300 . Results for ( 𝛺௫ , 𝛺௭ሻ ൌ
ሺ0, 0.5 𝜋ሻ, ሺ𝜋, 0.5 𝜋ሻ  are displayed in Figs 4.59 a-b. These pairs of (𝛺௫ , 𝛺௭ሻ  give the 
extreme values of drag reduction at the test points marked with dots ሺ𝛼 ൌ 0.03, 𝛽 ൌ 0.2ሻ. 
 
 
 
 
 
 
 
(a) (b) 
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Chapter 5  
5 Conclusion and Recommendations 
5.1 Conclusions 
This thesis studied a pressure-driven flow through a channel formed by grooved walls. As 
there is an uncountable number of possible groove shapes, the channel geometry was 
described in terms of two-dimensional Fourier expansions. Variations of the groove wave 
numbers as well as the magnitudes of different Fourier modes provide the necessary means 
for the description and categorization of surface topographies. Detailed analysis was 
carried out for shapes described by just a few Fourier modes. The available results for the 
one-dimensional grooves demonstrate that the leading Fourier mode provides a sufficiently 
accurate representation of geometry for the determination of pressure losses, e.g. reduced 
geometry model. It is therefore not necessary to consider effects of higher Fourier modes 
as all geometries characterized by the same leading Fourier modes produce nearly the same 
pressure losses. The analysis of the effect of the actual geometries can be reduced to the 
determination of their projection onto the proper Fourier space, and extraction of 
information about pressure losses from pre-computed tables. It remains to be demonstrated 
if the reduced geometry model applies to two-dimensional grooves. 
A grid-less, spectrally-accurate algorithm based on the Immersed Boundary Conditions 
(IBC) concept has been used to solve the field equations in the flow domain bounded by 
grooved walls. This algorithm provides means to study the effects of continuous variations 
of wall topographies on the pressure losses in an efficient manner. A systematic analysis 
was carried out for variations of simple topographies on the pressure losses. The main 
objective of the analysis was to determine if topographies resulting in drag reduction exist 
and, if so, to determine the forms of such topographies.  The problem was posed as the 
question of the determination of the pressure gradient correction required to maintain the 
same flow rate in the grooved channel as in the smooth channel with the same mean 
opening.  
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The analysis started with grooves placed at the lower wall only. It was shown that one-
dimensional grooves transverse to the flow direction (transverse grooves characterized by 
the wave number α) always increase pressure losses while one-dimensional grooves 
aligned with the flow direction (longitudinal grooves characterized by the wave number β) 
are able to reduce pressure losses but only if their wavelengths are long enough. An 
increase of the amplitude of one-dimensional grooves leads to more extreme changes in 
the pressure gradient correction.  
The two-dimensional grooves are characterized by (α, β)-pairs leading to a wide variety of 
possible surface topographies. The analysis focused on different combinations of the 
transverse components characterized by the wave number α and longitudinal components 
characterized by the wave number β. The first topography considered had the form 𝑦௅ ൌ
െ1 ൅ 𝑦௕ cosሺ𝛼𝑥ሻ cos ሺ𝛽𝑧ሻ , i.e. it had the form of a product of the transverse and 
longitudinal components. While, in general, such grooves result in drag increase, it was 
nevertheless possible to identify the (α, β)-pairs leading to drag reduction. In the drag 
reducing case, the stream tubes with accelerated fluid were formed in the middle of the 
channel above the groove troughs leading to the increase of the wall friction at the bottom 
of the grooves and its reduction at the top of the grooves. The reduction was larger than the 
increases leading to the overall reduction of the drag. For the drag increasing case, the 
stream tubes of the accelerated fluid formed above the groove peaks leading to the 
reduction of shear at the groove bottoms and its increase at the groove peaks. The reduction 
was smaller than the increase resulting in the overall increase of the friction force. It was 
shown that the increase of the groove amplitude results in the increase of the drag reduction 
proportional to the second power of the amplitude without affecting the range of the drag 
reducing (α, β)-pairs. It was found that an increase of the flow Reynolds number reduces 
the magnitude of the drag reduction as well as the range of the drag reducing (α, β)-pairs. 
The second geometry considered in the analysis had the form of a sum for the transverse 
and longitudinal components, i.e. 𝑦௅ ൌ െ1 ൅ ௬್ೣଶ 𝑐𝑜𝑠ሺ𝛼𝑥ሻ ൅
௬್೥
ଶ 𝑐𝑜𝑠 ሺ𝛽𝑧ሻ. It was found that 
when the amplitudes of both components were the same, i.e. 𝑦௕௫ ൌ 𝑦௕௭, the pressure losses 
always increased. It was possible nevertheless to achieve drag reduction by lowering the 
amplitude of the transverse component. A number of additional topographies were 
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considered leading to the conclusion that reduction can be achieved but only when the 
longitudinal component dominated over the transverse component.  
Placement of grooves at both walls leads to the pattern interaction problem where the 
relative position of both groove systems plays a role. This position was expressed in terms 
of the phase shifts in the streamwise (Ω௫) and spanwise (Ω௭ሻ directions. In the case of one-
dimensional grooves, it was found that the proper relative placement of the longitudinal 
grooves can significantly reduce the pressure losses. In the case of the two-dimensional 
grooves, the extreme values of the drag reduction always correspond to Ω௫ ൌ 𝜋 with  Ω௭ 
increasing with the Reynolds number. The pair of ሺΩ௫, Ω௭) giving the extreme values of 
the drag reduction is independent of the groove amplitudes. 
5.2 Recommendations for future work 
This thesis considers only the pressure-driven flows with fairly small Reynolds numbers. 
It is necessary to investigate the flow responses when Re increases to the level where the 
flow loses stability and the laminar-turbulent transition process begins. It is not known how 
the two-dimensional grooves affect the flow stability and the transition process. It is also 
not known how these grooves affect the form of turbulent flow or how such grooves affect 
kinematically driven flows. 
This thesis considers only grooves with shapes characterized by a few Fourier modes. The 
drag-reducing properties of more complex shapes occurring in nature, e.g. chevron, scales, 
etc., are not known and should be investigated. It is of interest to determine if an optimal 
groove shape exists, i.e. shape which produces the largest drag reduction. 
Finally, the enhancement of heat transfer through the use of the properly grooved surfaces 
represents an important application area. The goal is to determine the surface topography 
that both decreases the pressure losses and increases the flow mixing leading to a more 
effective heat transfer process. 
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Appendices  
Appendix A: Evaluation of the inner products of Chebyshev polynomials, their 
derivatives, evaluation of the inner products involving the reference flow quantities, 
and evaluation of the integrals of Chebyshev polynomials.  
In Eq. (3.30) and Eq. (3.31), the inner product of two Chebyshev polynomials can be 
defined as 
〈𝑇௝ሺ𝑦ොሻ, 𝑇௞ሺ𝑦ොሻ〉 ൌ ׬ 𝑇௝ሺ𝑦ොሻ𝑇௞ሺ𝑦ොሻ𝜔ሺ𝑦ොሻ𝑑𝑦ොଵିଵ , (A.1) 
where 𝜔 ൌ ሺ1 െ 𝑦ොଶሻିభమ is the weight function. Its analytical evaluation is 
〈𝑇௝, 𝑇௞〉 ൌ ቐ
0            for            𝑗 ് 𝑘,    
𝜋            for        𝑗 ൌ 𝑘 ൌ 0,
𝜋 2⁄        for        𝑗 ൌ 𝑘 ൐ 0,
 (A.2a) 
⟨𝑇௝, 𝐷𝑇௞⟩ ൌ 𝑘𝜋,  𝑓𝑜𝑟 𝑘 െ 𝑗 ൌ 𝑜𝑑𝑑,  𝑘 ൒ 𝑗 ൅ 1, (A.2b) 
ൻ𝑇௝,  𝐷ଶ𝑇௞ൿ ൌ ௞൫௞
మି௝మ൯గ
ଶ ,     𝑓𝑜𝑟 𝑘 െ 𝑗 ൌ 𝑒𝑣𝑒𝑛,  𝑘 ൒ 𝑗 ൅ 2, (A.2c) 
ൻ𝑇௝,  𝐷ଷ𝑇௞ൿ ൌ ∑ ଵ௖೗ 𝑘ሺ𝑘
ଶ െ 𝑙ଶሻ𝜋𝑙,௟ୀ௞ିଶ௟ୀ଴   𝑓𝑜𝑟 ൜𝑘 െ 𝑙 ൌ 𝑒𝑣𝑒𝑛,        𝑘 ൒ 𝑙 ൅ 2𝑙 െ 𝑗 ൌ 𝑜𝑑𝑑,         𝑙 ൒ 𝑗 ൅ 1   (A.2d)  
ൻ𝑇௝,  𝐷ସ𝑇௞ൿ ൌ ∑ ଵ௖೗ 𝑘ሺ𝑘
ଶ െ 𝑙ଶሻ ௟൫௟మି௝మ൯గଶ ,௟ୀ௞ିଶ௟ୀ଴    𝑓𝑜𝑟 ൜
𝑘 െ 𝑙 ൌ 𝑒𝑣𝑒𝑛,   𝑘 ൒ 𝑙 ൅ 2 ൒ 𝑗 ൅ 4 
𝑙 െ 𝑗 ൌ 𝑒𝑣𝑒𝑛,                  𝑙 ൒ 𝑗 ൅ 2  (A.2e) 
The derivatives of the Chebyshev polynomials can be expressed with the following 
relations 
𝑇଴ሺ𝑦ොሻ ൌ 1, 𝑇ଵሺ𝑦ොሻ ൌ 𝑦ො, 𝑇௞ାଵሺ𝑦ොሻ ൌ 2𝑦ො𝑇௞ሺ𝑦ොሻ െ 𝑇௞ିଵሺ𝑦ොሻ , (A.3) 
𝐷௡𝑇଴ሺ𝑦ොሻ ൌ 0   for   𝑛 ൒ 1, 𝐷𝑇ଵሺ𝑦ොሻ ൌ 1,  𝐷௡𝑇ଵሺ𝑦ොሻ ൌ 0   𝑓𝑜𝑟   𝑛 ൒ 2, (A.4) 
𝐷௡𝑇௞ାଵሺ𝑦ොሻ ൌ 2𝑛𝐷௡ିଵ𝑇௞ሺ𝑦ොሻ ൅ 2𝑦ො𝐷௡𝑇௞ሺ𝑦ොሻ െ 𝐷௡𝑇௞ିଵሺ𝑦ොሻ     𝑓𝑜𝑟      𝑛 ൒ 1. (A.5) 
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To evaluate the inner products involving the reference flow quantities, i.e.〈𝑇𝑗, 𝑢0𝑇𝑘〉, we 
shall start from 𝑢଴ሺ𝑦ොሻ, which can be expressed in terms of the Chebyshev expansion of the 
form  
𝑢଴ሺ𝑦ොሻ ൌ ∑ 𝑈௠𝑇௠ሺ𝑦ොሻெ௠ୀ଴  (A.6) 
where 𝑈௠ is the expansion coefficients, and according to Eq. (2.5a) and Eq. (3.12), 𝑢଴ሺ𝑦ොሻ 
can be written as 
𝑢଴ሺ𝑦ොሻ ൌ 1 െ 𝑎ଶ𝑦ොଶ െ 2𝑎𝑏𝑦ො െ 𝑏ଶ (A.7) 
where Γ ൌ ଶଶା௬೟ା௬್, 𝑎 ൌ Гିଵ and 𝑏 ൌ െГିଵ ൅ 1 ൅ 𝑦௧.  
Compare Eq. (A.6) with Eq. (A.7), we can define the expansion coefficients of the form 
𝑈଴ ൌ 1 െ ௔
మ
ଶ െ 𝑏ଶ, 𝑈ଵ ൌ െ2𝑎𝑏, 𝑈ଶ ൌ െ
௔మ
ଶ . (A.8) 
Then 〈𝑇௝, 𝑢଴𝑇௞〉 has the following form  
〈𝑇௝, 𝑢଴𝑇௞〉 ൌ ׬ ∑ 𝑇௝𝑈௠𝑇௠𝑇௞𝜔𝑑𝑦ොଶ௠ୀ଴ ൌ ∑ 𝑈௠ ׬ 𝑇௝𝑇௠𝑇௞௬ොୀଵ௬ොୀିଵଶ௠ୀ଴
௬ොୀଵ
௬ොୀିଵ 𝜔𝑑𝑦ො (A.9) 
and  
𝑇௝𝑇௠ ൌ ଵଶ ൫𝑇௝ା௠ ൅ 𝑇|௝ି௠|൯. (A.10) 
The final expression of 〈𝑇௝, 𝑢଴𝑇௞〉 is  
〈𝑇௝, 𝑢଴𝑇௞〉 ൌ ଵଶ ∑ 𝑈௠ ቂ׬ 𝑇௝ା௠𝑇௞𝜔𝑑𝑦ො ൅
௬ොୀଵ
௬ොୀିଵ ׬ 𝑇|௝ି௠|𝑇௞𝜔𝑑𝑦ො
௬ොୀଵ
௬ොୀିଵ ቃ ൌଶ௠ୀ଴ ଵଶ ∑ 𝑈௠ൣ〈𝑇௝ା௠, 𝑇௞〉 ൅ଶ௠ୀ଴
〈𝑇|௝ି௠|, 𝑇௞〉൧. (A.11) 
The integral of the Chebyshev polynomial 𝐼௞ሺ𝑥, 𝑧ሻ ൌ ׬ 𝑇௞ሺ𝑦ොሻ𝑑𝑦ො௬ොೆሺ௫,௭ሻ௬ොಽሺ௫,௭ሻ  can be evaluated 
analytically with the following form  
𝐼଴ሺ𝑥, 𝑧ሻ ൌ 𝑇ଵሺ𝑦ො௎ሻ െ 𝑇ଵሺ𝑦ො௅ሻ, 𝐼ଵሺ𝑥, 𝑧ሻ ൌ ଵସ ሾ𝑇ଶሺ𝑦ො௎ሻ െ 𝑇ଶሺ𝑦ො௅ሻሿ,  (A.12a, b)  
102 
 
 
  
𝐼௞ሺ𝑥, 𝑧ሻ ൌ ଵଶ ቂ
்ೖశభሺ௬ොೆሻି்ೖశభሺ௬ොಽሻ
௞ାଵ െ
்ೖషభሺ௬ොೆሻି்ೖషభሺ௬ොಽሻ
௞ିଵ ቃ , 𝑘 ൐ 1. (A.12c) 
Appendix B: Evaluation of Fourier expansions representing periodic functions 
formed by the values of the Chebyshev polynomials, its derivatives and the reference 
flow velocity evaluated along the rough boundary.  
In order to evaluate the coefficients of Fourier expansion coefficients in Eq. (3.36), use of 
the recurrence relation (A.3) and the Fourier expansions of the wall geometry (3.35) result 
in the relations of the form 
ሺ𝐶𝑈ሻ௞ାଵሺ௡,௠ሻ ൌ 2 ∑ ∑ 𝐴௎ሺ௡,௠ሻெಲ௤ୀିெಲேಲ௣ୀିேಲ ሺ𝐶𝑈ሻ௞ሺ௡ି௣,௠ି௤ሻ െ ሺ𝐶𝑈ሻ௞ିଵሺ௡,௠ሻ, 𝑘 ൒ 1 (B.1a) 
ሺ𝐶𝑈ሻ଴ሺ଴,଴ሻ ൌ 1 ሺ𝐶𝑈ሻ଴ሺ௡,௠ሻ ൌ 0, for  |ሺ𝑛, 𝑚ሻ| ൒ 1, ሺ𝐶𝑈ሻଵሺ௡,௠ሻ ൌ 𝐴௎ሺ௡,௠ሻ for |ሺ𝑛, 𝑚ሻ| ൒ 0. (B.1b) 
and ሺ𝐸𝑈ሻ௞ሺ௡,௠ሻ can be defined in a similar way in the form of 
ሺ𝐸𝑈ሻ௞ାଵሺ௡,௠ሻ ൌ 2 ∑ ∑ 𝐴௎ሺ௡,௠ሻெಲ௤ୀିெಲேಲ௣ୀିேಲ ሺ𝐸𝑈ሻ௞ሺ௡ି௣,௠ି௤ሻ െ ሺ𝐸𝑈ሻ௞ିଵሺ௡,௠ሻ ൅ 2ሺ𝐶𝑈ሻ௞ሺ௡,௠ሻ, for  𝑘 ൒ 2.                       
  (B.2a)                     
ሺ𝐸𝑈ሻ଴ሺ௡,௠ሻ ൌ 0, for |ሺ𝑛, 𝑚ሻ| ൒ 0, ሺ𝐸𝑈ሻଵሺ଴,଴ሻ ൌ 1, ሺ𝐸𝑈ሻଵሺ௡,௠ሻ ൌ 0   for |ሺ𝑛, 𝑚ሻ| ൒ 1, (B.2b)                             
ሺ𝐸𝑈ሻଶሺ௡,௠ሻ ൌ 4𝐴௎ሺ௡,௠ሻ  for |ሺ𝑛, 𝑚ሻ| ൒ 0.  (B.2c)  
Based on the evaluated reference velocity (A.7), the reference velocity along the grooved 
wall can be defined as 
𝑢଴൫𝑦ො௎ሺ𝑥, 𝑧ሻ൯ ൌ 1 െ 𝑎ଶ𝑦ො௎ଶ െ 2𝑎𝑏𝑦ො௎ െ 𝑏ଶ (B.3) 
and utilizing Eq. (3.35), we can evaluate 𝑦ො௎ଶ in the form 
𝑦ො௎ଶ ൌ ∑ ∑ ∑ ∑ 𝐴௎ሺ௡,௠ሻ𝐴௎ሺ௡ି௣,௠ି௤ሻ𝑒௜ሺ௡ఈ௫ା௠ఉ௭ሻெಲ௤ୀିெಲேಲ௣ୀିேಲெಲ௠ୀିெಲேಲ௡ୀିேಲ . (B.4) 
Substituting Eq. (3.35) and Eq. (B.4) into Eq. (B.3) and comparing with Eq. (3.36c) results 
in the determination of ሺ𝑈଴௎ሻሺ௡,௠ሻ as follows 
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ሺ𝑈଴௎ሻሺ௡,௠ሻ ൌ െ𝑎ଶ ∑ ∑ 𝐴௎ሺ௣,௤ሻ𝐴௎ሺ௡ି௣,௠ି௤ሻெಲ௤ୀିெಲேಲ௣ୀିேಲ െ 2𝑎𝑏𝐴௎ሺ௡,௠ሻ  
                                                                                             for 1 ൑ |ሺ𝑛, 𝑚ሻ| ൑ 2𝑁஺,௎,  (B.5a)              
ሺ𝑈଴௎ሻሺ଴,଴ሻ ൌ െ𝑎ଶ ∑ ∑ 𝐴௎ሺ௣,௤ሻ𝐴௎ሺ௣,௤ሻ
∗ெಲ௤ୀିெಲ
ேಲ௣ୀିேಲ െ 2𝑎𝑏𝐴௎ሺ௡,௠ሻ ൅ ሺ1 െ 𝑏ଶሻ        
                                                                                          for ሺ𝑛, 𝑚ሻ ൌ ሺ0,0ሻ. (B.5b) 
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